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ARTICLES

Permutations and Combination Locks

DANIEL J. VELLEMAN

GREGORY S. CALL

Amherst College
Amherst, MA 01002

Consider a combination lock with n buttons, numbered 1 through n. A valid
combination consists of a sequence of button-pushes, in which each button is pushed
exactly once. If the buttons must be pushed one at a time, then clearly there will be n!
possible combinations. But what if we are allowed to push buttons simultaneously?

We can represent a valid combination for such a lock as a sequence of disjoint,
nonempty subsets of the set B={1,2,...,n} whose union is B. Each set in the
sequence specifies a collection of buttons to be pushed simultaneously. For example,
if n =23 then we have the following possible combinations:

({1}, {2}, (3)), ({1}, {3}.{2}). ({2}, {1} {3}), ({2} {3}. (1)),
({33, {1).{2). ({3}.{2}. (1), ({12} {3}), ({1.3}.{2}) . ({2.3}. {1}),
({1}.{2.3)). ({2}, {1.3}), ({3}.{1,2}), ({1.2,3}).

In this paper we will study formulas for the number of valid combinations for such a
lock.

One of the most captivating features of this problem is that it may be solved by a
number of elementary methods. In particular, we will use recurrence relations and
generating functions to derive a variety of solutions ranging from the values of certain
derivatives, to an infinite series, to some double summations with natural combinato-
rial interpretations. To obtain an asymptotic formula, we will use a basic integral
estimate for our infinite series solution. It was more than a coincidence that, while we
were developing these results, both of us were teaching second-semester calculus.
Indeed we have endeavored to keep our calculus students in mind as we were writing.

A second striking feature of the lock combination problem is that it leads naturally
to some well-known integer sequences. The reason we have included “Permutations”
in the title is revealed by the appearance in Section 2 of the Eulerian numbers, which
count the cardinalities in a natural partitioning of the set of permutations of n objects.
We will also observe a connection between our lock problem and the Stirling numbers
of the second kind.

We note that a number of authors have studied similar problems (Cayley [3], Good
[7], and Gross [8)), though it appears that only Borenius, Danielson, and Jansson [1]
have observed the connection with the Eulerian numbers. While most of our formulas
can be found in these sources, we hope that readers will share our delight in collecting
them and providing them with elementary derivations. We would like to thank Stan
Wagon for sparking our interest in this problem and informing us of a commercially
available door lock of this type with five buttons.

243
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1. Two Solutions and an Asymptotic Formula

Let a, be the number of combinations for a lock with n buttons. If n =0 then the
only valid combination is the empty sequence, so a, = 1. For n > 0, a valid combina-
tion will consist of a collection of k buttons that are pushed simultaneously, for some
1 <k <n, followed by a combination using the remaining n — k buttons. Thus we are
led to the following recurrence relation for a,:

a,=1, a,= (?)a"_l + (g)an_z + - +(Z)ao for n > 0.

for n < 10:

n?

Using this recurrence, we can compute the following values of a

n IO 1 2 3 4 5 6 7 8 9 10
a, l 1 1 3 13 75 541 4683 47293 545835 7087261 102247563

Note that the list of combinations above for the case n = 3 confirms the value a; = 13
in this table.

Filling in the formula for the binomial coefficients in the recurrence above, we find
a common factor of n!:

a =n|( An_) + ) +.+&)
T T (e —1)! T 2l(n—2)! nlo? |-

This suggests defining b, =a,/n!. Dividing the formula above by n! yields the
following recurrence relation for b,:

bn—2

b
o +'-'+;l—(!) for n > 0.

by=1, b,=b, , +

n

This recurrence relation is slightly simpler than the one for a,, which suggests that we
might be able to find a formula for @, by first solving the recurrence for b,. We begin
with some simple bounds on b,.

THEOREM 1. For all n,

1 1
- <b, < ..
2(In2) (In2)

Proof. We proceed by induction on n. The inequalities in the theorem clearly hold
when n = 0. Now suppose n > 0, and assume that the inequalities hold for all n’ <n.
Then

b,=b,_, + b”2‘!2 +ot %
1 1 1
= n—1 n—2 o +_T
(In2) 21(In2) n!
2 n
= 1 n ln2+ (ln%) + e+ (an“) )
(In2) 21 n!
1 e 1
< T(e""—1)=—=.
2 Y Ty

This gives the desired upper bound on b,. For the lower bound, we begin by
applying the induction hypothesis to all terms in the formula for b, except the last:
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b b, b

n ‘2 + . 0

21 (n - l)‘

b,=b,_, +

n

1 1 1 1
> + + ot
2(ln2)"™"  2l-2(ln2)" (n—1)1-2ln2 " nl
1 (In2)*

n2)"™"  2(In2)"
= In2 + + - +( +
2(ln2) 2! (n—=1)! n!

By Taylor’s Theorem, there is a number ¢ such that 0 <¢ <In2 and

m2 (h2)*  (n2)"'  e(ln2)"
—1+ln2+—2! + +(n—l)!+ ol
(h2)* (In2)""'  2(ln2)"
<142+ "—p— 4 + ) + =0
Thus
(n2)*  (n2)""'  2(ln2)"
b"2—2(ln2)" n2+ S—gy—+ 0+ (= 1)1 + =0
( In2 _ )_ 1
2(1 2)" 2(In2)"

as required.

A natural way to study the sequence {b,} is to define the generating function
f(x)= X b,x".
n=0

Note that by Theorem 1, the sum converges absolutely for |x|<In2. Using our
recurrence relation for b,, we can solve for f(x):

IIM:

f(x)=bg+ Y bt =1+ z: Z Zkb

n=1
o oxk & . k2
=1+ ¥ g7 Lhoax'F =1+ ¥ 31 b =1+ (¢ = Df(x),
k=1 7" n=k k=1 " n=0
and therefore
1
f(x)_z_e.\', |l|<ln2.

Since b, is the coefficient of x" in the Maclaurin series for f(x), we have
b, =f"(0)/n!. But recall that a, =n!b,, so we have proven the following theorem:

n’

()
T\ 2=

To compute values of a, using Theorem 2, we must compute derivatives of the
function 1/(2 —¢*). One way to make this computation easier is to rewrite the
function as a geometric series:

THEOREM 2. For all n,

x=0

o

1 1/2 1 Z(ex)"
- = —s =3 5 x <In2.
2—e 1—e*/2 2k=0 2
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Differentiating term-by-term we find that
n @© x\ k
%(2—16")=_21—kz kn(%) ’ x <In.
=0

(Note that for n = 0 we use the convention 0° = 1.) Thus, applying Theorem 2 we get
another formula for a,:

THEOREM 3. For all n,

[\')I»—'
I»‘
=

3Ly

Using Theorem 3, we can improve on our estimates in Theorem 1. A natural way to
estimate the infinite sum in Theorem 3 is to use the improper integral

o) n

[, 3=t

We evaluate this integral by performing the substitution u =x In2 and then integrat-
ing by parts repeatedly (or recognizing the I' function):

00 L. 1 0o ,, N !
fzx 1 u du=F(n+1)_ n!

(1nz)"“fo ¢ (2)" ()"
Thus, by Theorem 3 we expect to have
n!
For small n, this approximation is remarkably accurate. For example, we have:

a,5 = 230283190977853,

|
_ 15 = = 230283190977853.04.
2(In2)

Unfortunately, for larger n the error of the approximation grows, but we can place
bounds on this error.

THEOREM 4. For all n,

n! 1 n "< < n! 1/ n \"
2(1112)"“ 2(61n2) n 2(ln2)"+1+§(eln2)'

Proof. It is easy to check that the function g(x)=x"/2% is increasing on the
interval [0, n/In2] and decreasing on [n/In2, %), and thus its maximum value on the
interval [0, ) is

l 2 n n
g(n/In2) = (T;{/nlnz) =(elrlll2) '

Let j be the largest integer less than or equal to n/In2 and put r=(n/In2)—j.
Thus (n/In2) =j + r, j is a nonnegative integer, and 0 <r < 1.

We now use upper and lower rectangles to overestimate and underestimate the
integral of g(x). Upper rectangles of width 1 lead to the following overestimate of the
integral (see FIGURE 1):
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et n

o xn J kn n n k n n
A Fdx<k§ ?"’(_ln_e 2) +k=§l '2752“"+("1n_e 2) :
Substituting in the value of the integral gives the required lower bound on a,.

To underestimate with lower rectangles we again use rectangles of width 1, except
that we split the interval from j to j + 1 into two rectangles, of width r and 1 — r (see
FIGURE 2). This gives us

wgh o ISk G+D" . &k
fo E;dx>k§)-27+r21 +(1-r) =L v oF

+1
2/ k=j+2

—2q, - ((1—,-)2L"j +r%)

n n
<2a,— (_ln_e 5 ) ,
which leads to the stated upper bound on a,.

n
I W2
FIGURE 1
Approximating f % dx with upper rectangles.
0

n
J T2
FIGURE 2
Approximating f % dx with lower rectangles.
0
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Better bounds on a,, can be obtained by using methods from complex analysis (see
[1], [7], and [8]). However, our bounds are good enough to prove:

COROLLARY 5.

aﬂ

lim —————— =
n== a1 /[2(n2)" "]
Proof. By Theorem 4, we have

a, _ _1'< ln2(n'/e) '
n/[2(n2)"] n!
To complete the proof of the corollary, we show that the quantity on the right side of

this inequality approaches 0 as n approaches infinity. Recall Stirling’s formula, which
says that

lim _____WW =1.
Applying Stirling’s formula, we find that
lim % ~ lim In2 V2mn(n/e) _0-1—

n—ow n—o 1/27771 n'

0.

2. A Connection with Permutations

So far we have been concentrating on estimates of the sum in Theorem 3, in order to
get approximations to a,. We can also evaluate the sum exactly, as follows. For n >0
let

h(x)=Y k"xk.
k=0

Then by Theorem 3, a, = (1/2)h,(1/2). We now derive a formula for a, by finding
formulas for the h, (x)s.
Clearly

ho(x) = Zxk=l—i—, —1<x<1.
k=0 x
Also, differentiating term-by-term we see that
R(x)= Y k"*ligk-1, so xh(x)= Y k"*xF=h (x).
k=0 k=0
Applying this recurrence repeatedly, we get the following formulas for h,(x), for
n<b5:
1 x
ho(x) =1=—%. M(x)= TS

x +x2 x +4x2 + 53
T \3° hs(x) =T 4
(1-x) (1-x)

x4+ 11x% + 1123 + x4 hy( %) = x +26x2 +66x° +26x* +x°
a-x° 7 (1-x)° '

>

hy(x) =

hy(x) =
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It appears that h,(x) is always a polynomial of degree n divided by (1 —x)"*!, but it
is not immediately clear what the pattern of coefficients in these polynomials is. To
study this pattern we will introduce the following notation. Let A, ; be the
coefficient of x* in the numerator of h,(x). For example, A;,= 26. Then the
recurrence for h,(x) above can be used to "derive a recurrence for the A, s

THEOREM 6. For all n > 1,

YA k

h"(x) _ Zk=1 n;lk+xl ,

(1-x)

where the numbers A, ; are given by the following recurrence relation:
An,l=An,n=]" An+l,k=kAn,k+(n+2—k)An,k—l for2£k$n.

Proof. We proceed by induction. The case n = 1 is easy to verify. For the induction
step, suppose the formula in the statement of the theorem is correct for h,. Then

k
Yoy nkx)

n+l(x) xh’(x)—xdx( (1_ )n+l

(l—x)"HZk KA, T (n+ 1) (1—x) T A, 2
(1_x)2n+2
_XikA, (L —x)xk +Xi_i(n+1) An,kx’“rl
- (l_x)n+2
T kAt T (n 1R A,
- (1__x)n+2
xR, (kA (n+2-K) A, )xF +xmt!
- (1_x)n+2

+1 k
_ Yily Augy kX
2
(1 _x)n+

The recurrence relation given in Theorem 6 allows us to readily compute the
coefficients A, ; for 1 <k <n, given the coefficients A,_, ; for 1 <k <n — 1. Thus
it is convenient to display these numbers in the form of a triangular table a la Pascal’s
triangle. The nth row of the triangle will be

Ayl A, ... A
These rows may be computed by beginning with A, ; =1 and generating each row

from the preceding row via the recurrence relation of Theorem 6. The first seven rows
of the triangle are shown in FIGURE 3.

n,l n,n-

1
1 1
1 4 1
1 11 11 1
1 26 66 26 1
1 57 302 302 57 1
1 120 1191 2416 1191 120 1

FIGURE 3
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Note that the first five rows agree with our computations of h,(x) above. Like
Pascal’s triangle, this triangle appears to be symmetric, which suggests that perhaps
A=A, ;1 for all 1<k<n. An even more striking analogy with Pascal’s
triangle is revealed by adding the entries across the rows of our triangle. Recall that
row n of Pascal’s triangle adds up to 2", because the entries in this row count the
numbers of subsets of {1,2,...,n} of different sizes. Adding the entries across the
rows of the triangle in FIGURE 3, we find that the sums of the rows are:
1,2,6,24,120,720,5040; i.e., the factorials! This observation suggests that we look for
an interpretation of the numbers A, ;, for 1 <k <n, in terms of a partition of the set
of permutations of {1,2,..., n}.

For ease of terminology, we will use the term n-permutation to denote a permuta-
tion of {1,2,..., n}. We think of an n-permutation as an ordered list of the numbers
1,2,...,n. Given a permutation in this form, say s, s, . , we count the number of
increasing runs in the sequence sy, s,,..., s, reading from left to right. For example,
the permutation 1 4 2 5 3 6 8 7 has four increasing runs; namely, 1 4,2 5,3 6 §,
and 7. As the next proposition shows, partitioning the set of n-permutations according
to their numbers of increasing runs yields the numbers A, ;.

PROPOSITION 7. For all n and k such that 1 <k <n, the number of n-permutations
with k increasing runs is A, .

Proof. See [4, Theorem A, pp. 241-2] or [16, Problem 12.22(a)].

The numbers A, ;, and the interpretation given for them in Proposition 7, are well
known in combinatorics (see [4], [13], [14], [15], and [16]). They are called the
Eulerian numbers (see [5]), and so it is appropriate to refer to the triangular table of
numbers we defined above as Euler’s triangle. MacMahon [11] was apparently the
first to use Eulerian numbers to classify permutations by increasing runs. The
Eulerian numbers have appeared in a variety of contexts in combinatorics and
statistics (e.g., see [2], [9], and [10]). A very extensive description of their theory is
given by Foata and Schiitzenberg [6].

We can now confirm the conjectures we made based on the first seven rows of
Euler’s triangle.

CORgLLARY 8. Foralln>1,

(@ Y A,,=n!and
k=1
b)) A, =A, 11 for 1<k=<n.

Proof. (a) is immediate from Proposition 7. For a proof of (b), see [4, Theorem B,
p. 242] or [16, Problem 12.22(b)].

Now we return to our original lock problem. From Theorems 3 and 6, we see that
the number of combinations for a lock with n > 1 buttons, «,, satisfies:

1 1 n 1 k—n—-1 n L,
an=§ (_)=§ g nk(g) = Z[‘n,k2 k' (1)

k=1

By the symmetry of Euler’s triangle stated in Corollary 8(b), we also have:

n

dn= Z An,n+l— 2(n+1 - ' = Z A kzk 1 (2)
k=1 k=1
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Equation (1) has a natural interpretation in terms of lock combinations. To see this,
first note that given a lock combination, we can generate a corresponding n-permuta-
tion by writing down the numbers of the buttons pressed, in the order in which they
are pressed, with the numbers of the buttons pressed simultaneously being written in
increasing order. For example, the lock combination ({1}, {3, 4},{2,5}) would corre-
spond to the permutation 1 3 4 2 5. Clearly a lock combination that consists of [
steps will lead to a permutation with at most [ increasing runs. Furthermore, if we
follow this procedure for every lock combination, each permutation with k increasing
runs will appear exactly 2" times. To demonstrate this, let o be an n-permutation
with k increasing runs, and consider separating this permutation into blocks repre-
senting the steps in a corresponding lock combination; for example, we might do this
by inserting vertical lines in the permutation to delimit the blocks. The numbers
within each block must be in increasing order, so we must at least insert the k — 1
vertical lines needed to delimit the k increasing runs in . There are n — 1 spaces
between the n numbers where vertical lines might go, and k — 1 of them are now
filled, so there are (n — 1) — (k — 1) = n — k places left unfilled. By choosing a subset
of these n —k positions and inserting vertical lines at the chosen positions, we
determine a lock combination corresponding to o. Hence, there are 2"k Jock
combinations corresponding to a single n-permutation with k increasing runs.

For example, the permutation 1 3 4 2 5 has two increasing runs: 1 3 4 and
2 5. It corresponds to the 2572 = 8 lock combinations:

({1.3,4},{2,5}).({1},{3,4}.{2.5}), ({1,3}.{4}, {2,5}) ({1} {3} {4} {2.5}),
({1,3.4}.{2}.{5}). ({1}, {3.4}.{2}.{5}),
(1.3}, {4}.{2},(5)). ({1}, {3}, {4}, {2}, {8}).

Proceeding by analogy with Pascal’s triangle and, in particular, in view of the
recurrence relation of Theorem 6, one might hope for an explicit formula giving the
numbers A, ¢ in terms of binomial coefficients. In fact, such a formula is known.

THEOREM 9. For 1 <k <n,
k-1
i +1 N
T I EI L (D
i=0

Proof. See [4, Theorem C, p. 243], [16, Problem 12.22(d)], or [12, Theorem 2].

Combining equations (1) and (2) with Theorem 9, we obtain two more formulas
for a,.

THEOREM 10. For all n > 1,

=X %il(—l)i(njl)(k—i)"Z"'k= ¥ ’fil(—l)"("jl)(k—i)”zk-l.
k=1 i=0 k=1 i=0

Our last solution to the combination lock problem involves another well-known
family of numbers, the Stirling numbers of the second kind. For 1 <k < n, the Stirling
number S(n, k) is the number of unordered partitions of the set {1,2,...,n} into k
nonempty subsets. Since a lock combination with k steps can be thought of as an
ordered partition of this set into k nonempty subsets, we see that the number of lock
combinations with k steps is equal to k!S(n, k). Summing over all k gives us the
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following formula:

THEOREM 11. Forall n >1,
a,= Y. k!S(n,k).
k=1

Like the Eulerian numbers, the Stirling numbers of the second kind can also be
expressed in terms of binomial coefficients. In fact, there is a striking resemblance
between the formula for S(n, k) given in our next theorem and the formula for A, ,
given in Theorem 9.

THEOREM 12. Fordall 1 <k <n,
1 k-1 Ak n
S(n, k) =7 Y (-1 (2)(k—z) .
i=0
Proof. See [4, Theorem A, pp. 204-205].

Combining Theorems 11 and 12, we obtain our last formula for a,.

THEOREM 13. For all n > 1,
n k-1 (& N
o~ £ T 1k
k=1 i=0

In conclusion, we note that we can now compute the number of valid combinations
for the commercially available five-button combination door lock mentioned in the
introduction. This lock has an extra feature; namely, it does not require that all five
buttons be used in a valid combination. For example, ({2}), ({1, 5},{3}), and ({1, 2,4, 5})
are valid combinations. By viewing the subset of unused buttons as the last block in a
combination that uses every button, we see that there is a one-to-one correspondence
between the combinations that use all the buttons and those that don’t. However, this
correspondence includes the empty combination—the combination in which no
buttons are pushed—and this combination is not meaningful for a commercial door
lock. Thus, the number of meaningful combinations for the lock is 2a5 — 1 = 1081.
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A Mnemonic For e

ZEEV BAREL
Hendrix College
Conway, AR 72032-3080

Mnemonic devices for the decimal expansion of 7 are well known. For example,
“May I have a large container of coffee” may be found in [1]. The principle is to
replace each word by the number of letters in it. Similar mnemonics for 7 exist in
other languages, including Russian and Greek.

On the other hand, the only mnemonics for e known to the author are those given
in [2] (in English, French, and Spanish) covering 10 places after the decimal point and
[3] containing a sentence going to 20 digits. Potential authors may have been
discouraged by early appearances of zeros in

e =2.718281828459045235360287471352662497757. . ..

The 20-place mnemonic in [3] uses the (one-letter) word “O” to represent the zero at
place 13.

In the quasi-poem below, zeros are represented by exclamations “...!” whose
canonical pronunciation is a short “ah!” (although the readers may substitute their
favorite letterless words).

We present a mnemonic
To memorize a constant
So exciting that Euler exclaimed: “...!”
When first it was found,
Yes, loudly: “...I”
My students perhaps
Will compute e,
Use power of Taylor series,
An easy summation formula,
Obvious, clear, elegant!

The author thanks the referee for making the author aware of [2] and [3] and for suggesting an
improvement.
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On the other hand, the only mnemonics for e known to the author are those given
in [2] (in English, French, and Spanish) covering 10 places after the decimal point and
[3] containing a sentence going to 20 digits. Potential authors may have been
discouraged by early appearances of zeros in

e =2.718281828459045235360287471352662497757. . ..

The 20-place mnemonic in [3] uses the (one-letter) word “O” to represent the zero at
place 13.

In the quasi-poem below, zeros are represented by exclamations “...!” whose
canonical pronunciation is a short “ah!” (although the readers may substitute their
favorite letterless words).

<

We present a mnemonic
To memorize a constant
So exciting that Euler exclaimed: ... 1"
When first it was found,
Yes, loudly: “...!”
My students perhaps
Will compute e,
Use power of Taylor series,
An easy summation formula,
Obvious, clear, elegant!

The author thanks the referee for making the author aware of [2] and [3] and for suggesting an
improvement.
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Ceva, Menelaus, and the Area Principle

BRANKO GRUNBAUM!
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Seattle, WA 98195
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University of East Anglia
Norwich NR4 7TJ, United Kingdom

1. Introduction

The theorems of Ceva and Menelaus [3, p. 220], which will be stated shortly, are
among the most attractive and useful results in elementary plane geometry. They are
easy to state and are quite general in the sense that, for example, Menelaus” Theorem
applies to any triangle and to any transversal that does not pass through a vertex.
These theorems, and their proofs, are classical as is reflected in their names. The
Greek Menelaus lived in the first century A.D. and the Italian Giovanni Ceva
published his theorem (and rediscovered Menelaus’ Theorem) in the 17th century.
Recently Hoehn [8] obtained a new result of a similar kind, showing that the products
of five quotients of certain lengths in a pentagram have the value 1.

The purpose of this note is to show that these and other results, and their
extensions to general polygons with arbitrarily many sides, are the consequences of a
simple idea which we shall call the area principle. This principle is illustrated in
FIGURE 1, in which P is the point of intersection of the lines BC and A A,.
Denoting the lengths of the segments [A, P] and [ A,, P] by |A,P| and |A, P|, and
the areas of the triangles [A;, B,C] and [A,, B,C] by |A;BC| and |A, BC]|, respec-
tively, the area principle states

APl _ |A,BC| o
[A,P] [A,BC[’

and this is true whenever the ratios are well-defined, that is, their denominators do
not vanish. The validity of (1) does not depend on whether the points A, and A, are
separated by the line BC (FIGURE 1(a)) or not (FIGURE 9(b)). Later we shall refine (1)
by assigning signs to the ratios; just for the present we shall consider all areas and
lengths as positive.

The proof of (1) is immediate. Clearly each side of this equation is equal to the ratio
of the heights of the two triangles on base [ B, C]. We note that, although some of the
well-known proofs of Ceva’s Theorem (see for example [4, p. 4]) use area arguments,
these are distinct from the “area principle.”

As a foretaste of the methods to be used, we shall use the area principle to prove
three of the theorems mentioned above. Suppose a transversal cuts the lines
BC,CA, AB, determined by the named pairs of vertices of the triangle [ A, B,C], in
points P, Q, R, respectively, and that these three points are distinct from the vertices
of the triangle (see FIGURE 2). Then Menelaus’ Theorem states that

BP| 1CQI IARI _
PCl 1ol IRBI ~ (2)

'Research supported in part by NSF grant DMS-9300657.
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FIGURE 1
The area principle states that [A, P| /|A,P| = |A,BC| /1A, BC]|.

FIGURE 2
Menelaus’ Theorem states that (|BP| /|PC1)-(ICQ|/|QAD-(IARI| /IRBI) = 1.

To establish this we apply the area principle to the triangles with base [ R,Q], and we
see that

BPl _1BRQI  |CQl _ICRQI AR _|ARQI

|PC|  |CRQI" |QAl  |ARQ|” IRB|  |BRQ| "

Substituting these values in (2) the areas of the triangles all cancel, showing that (2) is
valid. This proves the theorem.

Let O be a point such that the lines AO, BO,CO meet the opposite sides of the
triangle [ A, B,C] in P, Q, R, respectively. We shall suppose that these three points
are distinct from the vertices A, B,C (see FIGURE 3). Then Ceva’s Theorem states
that the relationship (2) holds in this case also. To establish this we consider triangles
with base [ A, O] and then the area principle yields

|BP| _ |AOB|

|[PC|  |COA| "

B b c
FIGURE 3
Ceva’s Theorem states that (|BP| /|PC|)-(1CQ|/|QA|)-(IAR| /IRBI|) = 1.
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Similarly, using triangles with bases [ B, O] and [C, O], we have
lcol _ |BOC| |AR| _ |COA|
|QA|  |AOB|”’ IRB| |BOC| "’
Substituting these values in (2), the areas of the triangles all cancel to yield the value
1, which proves the theorem.
Finally, we consider Hoehn’s Theorem, which states that for a pentagon, using the
notation indicated in FIGURE 4,
|V1W1| . |V2W2| . |V3W3| . |V4W4| . |V5W5| -1 (3)
NAARAARUAC VAN VAR

and
NAARAARAARAARNVAARE @
(WVsl WV, WVl W,V IWV,]

FIGURE 4
Hoehn’s Theorem states that

NANILA VAR AARNAA

. . . . =1
NAARVAARVAARVANEVAA

and
A AAAARA A A )

VAARVAZARCAZREAAREAA

In Hoehn’s original proof, Menelaus” Theorem was applied to various triangles and
transversals in the diagram; here we give a more direct proof using the area principle.
Consider the pentagon shown in FIGURE 4. (In this initial treatment we restrict
attention to the case in which [V|,V,,V,,V,,V,] is a convex pentagon. The more
general case, without any assumption of convexity, will be dealt with in Section 4.)
Using triangles with base [V,, V,], we have

IR ARAAA
NAANEAAA S
Hence |V\V4l/IW, Vsl = (IVW,| + [W,V5])/IW, V5| = (IVV,V,| + [V3V,V,1)/
|VyV,V,| = |V V,V.V,| /I V,V,V,| where |V, V,V,V,| is the area of the quadrilateral
[V, V,,V,,V,] Similarly,

[Vl _ [V\V,V,Vs|
A [V V, Vsl

and so
AAABAAARVAAAA
NAAERAAA S EEVAAL
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In general, for i =1,2,...,5,

A [ViVii1Vigal . [ViVii1Viea Vigsl

= . 5
W Viral ~ VVieVinaVieal | WVisaVirs Vi | (%)

Substituting these values in the left side of (3) we see that the areas of the triangles
and quadrilaterals all cancel, yielding the value 1 as required. The second assertion (4)
of Hoehn’s Theorem can be proved in a similar manner.

The pattern of the above proofs will be applied repeatedly: We shall express ratios
of lengths as ratios of areas, and then show that, in a product of such ratios,
cancellation takes place to yield a constant value.

Before describing the extensions of these results, we put them in a more general
context.

2. Affine Geometry and Polygons

Recall that affine geometry [3, Chapter 13] is concerned with geometric properties
that are affine invariant, which means that they are invariant under affinities (that is,
non-singular linear transformations combined with translations). Geometrically, such
transformations can be thought of as rotations, reflections, translations and shears, or
any combination of these. Incidences, ratios of lengths on parallel lines and ratios of
areas are preserved under affinities and hence belong to affine geometry; in contrast,
lengths, angles and areas do not. All our results belong to affine geometry, but clearly
remain valid in the more restrictive Euclidean geometry.

By a polygon P =[V,,V,,...,V,] we mean a cyclic sequence of n > 3 points V, in
the affine plane, together with n closed line segments S; =[V,,V,, ] The points V,
are the vertices of P and the segments S, are the edges of P. Here and throughout,
all subscripts i are reduced modulo n so that they satisfy 1 < i < n; moreover, to avoid
special cases and degeneracies, we shall always assume that adjacent vertices V,,V,
are distinct. A polygon is regarded as oriented and is unchanged by any cyclic
permutation of the vertices; however, reversal of the order of the vertices produces a
new polygon P’, which we shall say is obtained from P by reversing the orientation.

A polygon with n vertices, and therefore n edges, is called an n-gon. Notice that
these polygons are very general; non-adjacent vertices may coincide, and edges may
cross or partially or wholly overlap. It is to such polygons that our theorems will apply.
Sometimes it is necessary to place further restrictions on the positions of the vertices.
These will be mentioned when appropriate.

It is convenient to introduce the notion of a side V;V,, | of a polygon; this is the line
containing the edge [V,,V,,,]. A diagonal V\V, of a polygon is the line defined by two
non-adjacent vertices Vf,Vj of P. It is defined if, and only if, V, and Vj are distinct
points?.

We use uppercase letters V, X, W, ..., with or without subscripts, for points, and
the corresponding lowercase letters v, x, y,..., for their position vectors relative to
an arbitrarily chosen origin O. Position vectors can be used, in a perfectly rigorous
manner, in affine geometry.

Suppose A, B,C, D are four points such that AB is parallel to CD. (In other
words, the directions of the vectors b —a and d — ¢ either coincide or are directly

2Notice that the symbols [ A, B] and [A, B, C] differ in meaning from the frequently used [ AB] =
conv( A, B) and conv( A, B,C) in that the latter refer to sets, whereas the symbols used here also imply an
orientation of each set.
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opposite.) Let A be the real number defined by Md —c¢) =(b —a). Then A is an
affine invariant. It is simply the ratio of the length of [ A, B] to that of [C, D], with a
plus or a minus sign according to whether these line segments have the same, or
opposite directions. We shall denote this ratio by [A B/C D] = A. Clearly, relations

such as
AB]_ [BA]__[AB]_[BA
CD| CD| DC| |DC
hold, and cancellation is permitted so that, for example,
AB][CD] [AB
CD EF| |EF]|

These properties follow directly from the definitions.

In particular, if a point W is defined in some prescribed manner on the side V,V,
of a polygon P, and is distinct from both V; and V,,,, then [V;W/WV, ] will be
referred to as an edge-ratio corresponding to that side. In a similar manner, if W lies
on a diagonal ViV, then [V\W/ WVj] is called a diagonal-ratio.

Similar considerations apply to areas. In the Euclidean plane we define the signed
area a( A, B,C) of a triangle [ A, B, C] to be its area (in the usual sense) prefixed by a
plus or a minus sign. The + sign is used if the triangle is positively oriented, that is,
the vertices are named in a counterclockwise direction; and the — sign is used if the
triangle is negatively oriented, that is, the vertices are named in a clockwise direction.
For two triangles [A, B,C] and [D, E, F] in the plane, the ratio
a(A, B,C)/a(D, E, F) of their signed areas is an affine invariant that will be denoted
by A=[A B C/D E F]. In terms of position vectors, A is defined by (a Xb +b X
ctexXa)=MdXe+eXf+fXxd), where X signifies a vector (cross) product.
Since all the points lie in a plane, these product vectors are all parallel. Equivalently,

A is defined by

a by ¢ d, e fi
det|a, b, c,|=Adet|d, e, f,]|
1 1 1 1 1 1

where (a,, a,) are the coordinates of the point A, that is, the components of the
position vector a, etc.

Since cyclic permutation of vertices does not change area, but reversing the order
of the vertices changes the sign of the area, relations such as

[ABC=[35%;\?]=[%21;I= BAC=[BCA]=[BACI

DEF "|DEF EFD E DF

hold. Moreover, as in the case of line segments, cancellation is permitted; for example,

ABC|[DEF]_[ABC
DEF||CHJ| |CHT]

In this notation the area principle (1) may be written in the slightly more powerful

form
AP] [ABC
A,P |~ |4,BC|

which takes account of the signed lengths and signed areas of the triangles.
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The signed area of an n-gon (n > 3) can also be defined; we triangulate the n-gon
in any way, and orient the triangles coherently (see FIGURE 5). This means that
whenever two triangles of the triangulation have an edge [B,C] in common, then
their orientations are such that they induce opposite directions on this common edge.
The area of the polygon is then defined as the sum of the signed areas of the
component triangles. For the validity of this definition it is, of course, essential to
show that the signed area is independent of the triangulation used. This is a routine
calculation, and we do not give details here. In fact, if one interprets the polygon as an
oriented curve, its signed area is exactly what one obtains by applying to it the familiar
integrals of calculus.

We invite the reader to adapt the proofs given above using signed areas and the
new notation, and so provide general proofs for the theorems we discussed. In

particular, if
[ ] [ 1+1Vz+4 ] [VV;+I‘/1+2V;+3 (53)
“71+1‘/1+2 Vie1VieaVies VieaVieaVisr |

1

is used instead of (5), a proof of Hoehn’s Theorem is obtained that does not depend
on the convexity, simplicity or orientation of the pentagon [V,,V,,V;,V,, V;].

(a) (b) (c)

FIGURE 5
Three examples of coherent triangulations of a quadrangle [ A, B, C, D). In (a), the quadrangle
is triangulated into two triangles [A, B,C] and [A,C, D]. In (b) and (c) the triangles are
[0, A,B], [0, B,C],[0,C, D], [O, D, Al

3. Generalizations of the Theorems of Ceva and Menelaus

In this and the following section we shall define points W, on sides or diagonals of an
n-gon as points of intersection with other lines. Throughout we shall assume, without
further remark, that these points exist (the lines concerned are not parallel) and are
distinct from the vertices (so that the relevant edge- and diagonal-ratios are well-
defined). This section is concerned with problems of the following type. On each side
V,V,;1 of an n-gon, a point W, is defined in some geometrically meaningful way.
Under what circumstances is it possible to make an assertion about the value of the
product of the edge-ratios [V,W,/W,V, , | |? We shall also consider similar problems for
diagonal-ratios.

Our first result of this kind is the generalization of Menelaus” Theorem to n-gons.
This is not new—see Section 5. The case n =5 is shown in FIGURE 6.
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Vs

FIGURE 6
Menelaus” Theorem for a pentagon states that

[vlwl]_ V2W2],[V3W3], V4W4].[V5W5]= _y

W1V2 W2V3 W3V4 W4V5 W5V1
THEOREM 1 (Menelaus’ Theorem for n-gons). Let P =[V,,...,V,] be an n-gon and

suppose that, for i=1,...,n, a transversdl cuts the side V,V,,, in W,. Then the

product of the edge-ratios is constant, in fact

" VW, :

1| s |- (-1 ®)

i=1

for all n-gons P.

In the case where n is odd, the product is negative, which shows that an odd
number of intersections of the transversal with the sides V;V,,, of the n-gon must be
external, that is, do not lie on the edge [V,,V, ] This is, of course, a familiar fact in
the case n = 3; it is known as Pasch’s axiom [3, §12.2]. If n is even, an even number
(possibly zero) of intersections of the transversal with the sides of the n-gon must be
external.

Proof. Select any two of the points W,, say W;, W, (see FIGURE 6). Then the area
principle for triangles with base [W, W, ] yields
VW, ][ VW,
[ |-~

Substituting for each of the n factors on the left side of (5) we obtain a product of
terms each of which is the quotient of the areas of triangles. These cancel to yield the
value (—1)" as required.

A trivial variation of this theorem applies to diagonals instead of edges. If 1 <j <n,
and W, is defined as the intersection of a transversal with the diagonal V,V, , for
i=1,...,n, then

n VW n
MO E
Iwv, ] (=)
Despite the apparent generality, this can easily be deduced from Theorem 1 by
renaming the vertices V|, V,,V;,... as V,,V, ., V., ,,... . This renumbering may Gf j
is not prime to n) split the original polygon into two or more polygons, but this does
not affect the result or its proof.

THEOREM 2 (Ceva’s Theorem for n-gons). Let P=[V,,...,V,] be an arbitrary
n-gon, C a given point, and k a positive integer such that 1<k <n/2. For
i=1,...,nlet W, be the intersection of the lines CV, and V,_,V,,,. Then,

1

n V._kW,
1 ——-——“', - =1. 7
i=1 [ i‘/i+k ( )
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Note that this result concerns diagonal-ratios except in the case n odd and
k =(n —1)/2. The latter is the only generalization of Ceva’s Theorem that we have
been able to find in the literature (see, for example, [6, p. 86]). However, the result of
Theorem 2 is not as general as it appears at first sight. If n and k have highest
common factor d > 1 then the product on the left side of (7) can be split into d
products, each with n/d factors, and each of these factors has the value 1. If n and
2k are relatively prime then it is possible (by renumbering the vertices as in the case
of Menelaus’ Theorem) to transform the left side of (7) into a product of n edge-ratios
for an appropriate star n-gon. Hence the only genuinely new assertion in Theorem 2
is in the case where n is even and k is prime to n. An example of this case
(n =10, k = 3) is shown in FIGURE 7(a). Other examples appear in FIGURE 7(b) with
diagonal-ratios (n = 7, k = 2) and in FIGURE 7(c) with edge-ratios (n =5,k = 2).

FIGURE 7

Examples of Ceva’s Theorem for n-
gons in the cases (a) n =10,k =23;
b)) n=7k=2and (c) n=5k=2.
In cases (a) and (b) the theorem makes
an assertion about diagonal-ratios
(VW s/ W, 3Vii6] and
[ViW,.5/ WiV, ] respectively, and
in (c) an assertion about edge-ratios
(ViWiis/Wii3Vin ]

(b) (c)
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Proof. The proof follows similar lines to that of Theorem 1. We observe that,
applying the area principle to triangles with base [C,V,] we obtain, for i=1,...,n,
AN AR
A ] - [CVHM ]

Substituting these terms in the left side of (6), we obtain a product of n terms each of
which is a quotient of the areas of the triangles. These cancel to yield the value 1 as
required.

In each of the above theorems we have defined W, as the intersection of a side or
diagonal (a basis) with a line CD (the corresponding transversal). Menelaus’ Theo-
rem corresponds to the case where C and D are fixed points that are not vertices, so
the transversal CD is a fixed line for all bases. In Ceva’s Theorem C is a fixed point
and D is a vertex V; of the polygon P. Then W, is the point of intersection of the
basis V,_;V,,, with the transversal CV,. These remarks suggest that there may exist
corresponding results for products of edge- or diagonal-ratios when the transversal is
determined by two vertices of P. Indeed, we have the following theorem, which

appears to be new.

THEOREM 3 (The Selftransversality Theorem). Let j, r, s be integers distinct (mod n)
and let W; be the point of intersection of the basis (side or diagonal) V,V,,; of the
n-gon P=[V,,...,V,] with the transversal V,, .V, . Then a necessary and sufficient
condition for

A
Iy

ivitj

|- (8)

is that either (i) n = 2m is even, j =m and s = r +m; or that n is arbitrary and either
(ii) s =2r and j =3r; or (iii) r =25 and j = 3s. All congruences are mod n.

In case (i) the terms in (8) cancel in pairs so the statement of the theorem becomes
trivial. Cases (ii) and (iii) are essentially the same since r and s play a symmetrical
role in determining the transversal V,, ., V, ., and so may be interchanged.

FIGURE 8
Examples of the Selftransversality Theorem for (a) n=5,j=2,r=3,s=4; and (b) n=7,
j=1,r=3,s=5. In each case the theorem shows that the product of the n ratios

[ViW,/WV, ;] (where i =1,...,n) is — 1.
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For example, in FIGURE 8(a), n=5,j=2,r=3,s =4, and in FIGURE 8(b), n =7,
j=1,r=3,s=>5so each is an instance of case (iii); since n is odd, the sign on the
right side of (8) is negative.

Proof. Using the area principle for triangles with base [V;,,,V,, ] and apexes V,
and V,,;, we obtain

(82)

We substitute these expressions for each of the n factors on the left side of (8) and
determine when exactly the same triangles occur in both the numerator and denomi-
nator and so their areas (as expressed in terms of determinants) cancel to yield the
value +1 as required. The term V,V,, V,, in the numerator will cancel with the
term Vi;.py4;Viirny+r Viisny+s in the denominator if, and only if, either

VW, 1 [ ViVie Vs
u/i ’__ ‘/i+j‘/i+r‘/i+s .

itj

(i) h=—j,r=s—j and s=r—j; or
(i) h=-r,r=s—r and s=j—r; or
(iii) h=-s,s=r—s and r=j-s.
These alternatives correspond to the three cases given in the statement of the
theorem. Notice that each cancellation produces the factor —1 in case (i) and +1 in
the other two cases, leading to the term (—1)" on the right side of (8). Thus the
theorem is proved.

It is of interest to determine, for a given basis, the corresponding transversals for
which the theorem holds. Let us consider case (ii). Writing j + ¢ instead of r and —u
instead of s, it is easily verified that the given condition is equivalent to u =t and
2j + 3t =0 (mod n). This can be solved explicitly for ¢ (and so r and s determined)
in terms of j as follows:

(ii,) Ifn=3k+1 thent=2kjforj=1,2,...,[(n—1)/2].

(ii,) Ifn=3k—-1,thent=(k—1)jforj=1,2,....[(n—-1)/2].

(ii,) If n=23k,then j=3iand t = —2i, k —2i or 2k — 2i,
fori=1,2,....[(k—1)/2].

For example, in FIGURE 9 we show the case n =9, k = 3 and i = 1. The transversals
V,V,, ViV and V;V, are indicated by dotted lines and the basis V|V, by a dashed
line. All these satisfy the conditions of the theorem. (The other eight bases that occur
in (8) are not shown since to indicate these would make the figure so complicated as

to be unintelligible.)

FIGURE 9

The three transversals V,V;, VgVg, ViVy of the basis V|V, that satisfy the conditions of the
Selftransversality Theorem for n = 9.
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4. Generalizations of Hoehn’s Theorem

In this section, we consider theorems similar to those in the previous section in that,
for every n-gon, the product of n ratios of lengths of line segments has some constant
value, namely +1 or —1. However, we now consider those cases where, as in
Hoehn’s Theorem, the line-segments lie on the same line but are not contiguous.
Thus we define two points W,, Z; on certain edges or diagonals [V}, V;] of an n-gon,
and consider products of the form

V.W,

n
1|7y

THEOREM 4 (Hoehn’s First Theorem for n-gons). Let P=[V,,...,V,] be a given
n-gon and j an integer such that, for each i, the integers i,i +j,i+2j,i+ 3j,i +4j
are distinct (mod n). Define W, (for i =1,...,n) to be the point of intersection of
ViVieo; and V, V5. Then the points W, and +; lie on the line V, ;V, 5, and

1

VW,
I [——W T Y %)
i+j vi+3j
It will be observed that if V;,V,,;,V,,5,,V;,3;, V.4, are not distinct points, then

the identity becomes meanlngless or tr1v1 . Further, it is only necessary to consider
the cases j=1,2,...,[(n —1)/2] since other values of j lead to repetitions of the
same result.

FIGURE 10 illustrates the theorem for n =7, j = 1,2 and 3. The original statement
(3) of Hoehn’s Theorem (see FIGURE 4) corresponds to the case n =5, j=1.

Proof. For the first assertion we note that W, is the intersection of V,V,,,  and

Vi4;Vissj» and W, is the intersection of V,,;V; ;; and V,,,,V,,,;. Hence both of
these points lie on VML]Vl +3; as stated.
For the second assertion we note that, as in (5a), using triangles with bases

[V, Viip;land [V, V,, ;] we obtain
\2 W _[ ‘/z‘/1+]‘/1+2j ] l:‘/1+2]‘/1+3]‘/z+4_1‘/z+]

i+j
W+}‘/1+3] ‘/i+2j‘/i+3j‘/i+4] 1+] 1+2]‘/l+3_]

Inserting these expressions in the left side of (9) we obtain a product in which the
areas of the triangles, as well as the areas of the quadrilaterals, all cancel. Hence the
product has the value 1, and the theorem is proved.

THEOREM 5 (Hoehn’s Second Theorem for n-gons). Let P=[V,,...,V,] be an
n-gon, and j, k positive integers such that j+ 2k =n, and for each i=1,... n,
the integers i,i+k,i+j,i+j+k are distinct (modn) and the integers i,i+k,
i+ 2k, i + 3k are also distinct (mod n). Define W, as the intersection of V.V, and

1

Vii;Visj+k - Then the points W, and W, lie on the line V;V,,, and

[ VW,
i=1 VVi+2sz+k

Proof. For the first assertion, we note that W, is the intersection of V;V,,; and
Vi Vigjk» and Wy is the intersection of Vi, Vi 5 and V04 Vigjiass which is

the same line as V;V, since j + 2k =n.

- 1. (10)
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For the second assertion, we again use the area principle, as in (5a), for triangles
with bases [V, +J+k] and [V, +2k, V., 3:] to yield

[ ] _ Vi ’+JV’+]+’< . ViV +2kVVt+3k
WisarVi VietVieaVirar | | ViVieVier Vi
Substituting in the left 51de of (10) and using the relation j + 2k =n we see that the

areas of the triangles, and the areas of the quadrilaterals in the resulting product, all
cancel to yield the value 1. This proves the theorem.

(a) (b

(o)
FIGURE 10
Examples of Hoehn's First Theorem for n-gons, for n=7 and (@) j=1; (b) j= 2 and
(¢) j=3. In each case the product of the seven ratios [V, ;W;/W,;V, ;] (for i=1,....7)

takes the value 1.

The theorem is illustrated in FIGURE 11 for n =7 and (j, k) =(1,3), (3,2) and
(5,1). The original statement (4) of Hoehn’s Theorem corresponds to the case
n=>5j=1k=2.
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FIGURE 11
Hoehn’s Second Theorem for n-gons, for n =7 and (@) j=1,k=3; (b) j=3,k=2; and
(c) j =5, k = 1. In each case the product of the seven ratios [V;,W,/W, ,, V, J(fori=1,...,7)
takes the value 1.

5. Comments

Menelaus’ Theorem for n-gons is not new—it has been known since the early
nineteenth century, see [2, p. 295], [6, p. 75], [7, p. 63], [9, p. 75]. As mentioned
above, special cases of Ceva’s Theorem for n-gons have also been established; see, for
example, [6, p. 86], [7, p. 64].

The most interesting and unexpected feature of the results of this paper is not that
the various products of edge- and diagonal-ratios are equal to +1 or —1, but that the
values of these products are independent of the polygon P from which we start the
construction (subject to the restrictions stated at the beginning of Section 3). In view
of this, one might suppose that all products of n ratios in an n-gon have the same
property; however, this is not the case. For example, in FIGURE 4, the value of
> WW, .,
| v (1)

i=1
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depends on the pentagon P which is chosen—in spite of the fact that such a product
appears, at first sight, to be very similar to those that occur in the original statement of
Hoehn’s Theorem. That (11) is not constant can be shown by a little experimentation
with numerical examples. In fact, we suspect that the product (11) attains its
maximum value when P =[V,,..., V] is an affine image of a regular pentagon. We
have no proof of this statement, and a discussion of problems of this nature does not
seem appropriate here.

It is not difficult to see that Theorems 4 and 5 cover all the cases mentioned in the
introduction to Section 4, namely those in which a product of n factors takes a
constant value that does not depend on the choice of the original polygon P. If we
extend our investigation to consider products of 2n, 3n, 4n, ... factors (each of which
is the quotient of lengths of line-segments in an n-gon) then many more possibilities
arise. The reader may wish to investigate these. However, the results we have stated
here will illustrate the versatility and power of the area principle in proving results of
this nature.

The case n =4, j =2,k =1 of Theorem 5 deserves special mention. It is illustrated
in FIGURE 12, and it is clear that it can be interpreted as stating that the product of
certain ratios of lengths in a complete quadrilateral equals 1. Although complete
quadrilaterals have been thoroughly investigated for two centuries, we were unable to
find any mention of this particular result.

\4

FIGURE 12

The case n=4,j=2,k=1 of Hoehn’s Second Theorem. The product of the four ratios
[ViW,/W, 5V, ] (for i = 1,2,3,4) equals 1.

Since all the theorems in this paper are so straightforward and their proofs so
elementary, it is surprising that they were not discovered two or three centuries ago.
This may be partly explained by the fact that, unlike us, earlier authors did not have
the advantages of modern technology. When we started this investigation we were, of
course, familiar with Ceva’s and Menelaus’ Theorems for triangles; it was Hoehn’s
Theorem that suggested to us that it might be worthwhile to investigate products of
other ratios in n-gons with n > 3. Using a simple program in Mathematica® we were
able to accurately calculate the values of circular products of various ratios for large
numbers of n-gons, and the results suggested our Theorems 1 to 5. (Later on we
discovered that the n-gonal forms of Ceva’s and Menelaus’ Theorems are known and
can be found in the literature. However, so far we were unable to find any result that
can be interpreted as even a particular case of our Selftransversality Theorem.) We
observed that the “area principle” was an easy method of proving (in the traditional
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sense) all the results that had been discovered empirically. Further, it suggested other
possibilities as well as enabling us to state the theorems for n-gons with arbitrary n. It
also led to higher-dimensional generalizations, which will be presented elsewhere.

Note. Since the completion of the manuscript we have learned from Baptist [1, p.
61] that the “area principle” was used—without any special name—in Crelle’s proof
of Ceva’s Theorem [5]. But its general utility was not noticed and so it was, for all
practical purposes, completely forgotten.
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Lewis Carroll and the Enumeration
of Minimal Covers

ANTHONY J. MACULA
SUNY at Geneseo
Geneseo, NY 14454

1. Introduction

Let [n]={1,2,...,n}. A cover of [n] is a family ¥ of non-empty subsets of [n] such
that [n] = U{S: S € y}. An ordered k-cover of [n] is a k-tuple 7=(S,,..., S;) such
that the family {S,} is a cover of [n]. A cover vy is called minimal if the removal of one
member destroys the covering property, i.e., for each S €y there is an i € S such
that i € T forall T € y with S # T. Any non-trivial partition of [n] is a minimal cover,
but {{2},{1, 3},{3,4}} is a minimal cover of [4] that is not a partition. In this way the
notion of a minimal cover can be thought of as extending the idea of a partition. The
number of partitions of [n] into k nonempty subsets, denoted by S(n, k), is given by

S(n, k) =ki=§ (k)z

]

These numbers are the well-known Stirling numbers (of the second kind) and can also
be recursively defined by the relation S(n, k) =S(n — 1,k — 1) + kS(n — 1, k) where
S(n,1)=8(n,n)=1land 2<k<n-—1.

Analogously, let u(n, k) be the number of minimal covers of [n] with k members.
In [4], u(n, k) was computed, and values for a few n and k appear in Table 2. In this
note, we compute u(n, k) by a different method involving a straightforward applica-
tion of the seldom seen set diagrams of Lewis Carroll and the basic combinatorial
concept of placing objects in boxes. We say o=(S,,...,S;) is a minimal ordered
k-cover of [n] if the family {S,} is a minimal cover of [n]. OM;(n) denotes the family
of minimal ordered k-covers and |OM;(n)| denotes its cardinality. Our plan is to
compute |OM,(n)|; then

m(n, k)= OMk(n)I

2. Lewis Carroll’s Set Diagrams

Have you ever tried to draw a Venn diagram, depicting all possible intersections, using
four, five, or six sets? It can be quite cumbersome. In [2], Lewis Carroll provides an
easy method for drawing set diagrams depicting all possible intersections. Using his
method, one can actually draw these diagrams for ten or more sets. The only
limitations are the patience of the drafter and the size of the paper on which the
diagram is drawn.

We affectionately refer to the Lewis Carroll set diagram on the k sets S, S,, ..., S,
as the Lew k-gram. S} denotes the complement of S;. The Lew 1l-gram and Lew
2-gram are depicted in FIGURES 1 and 2, respectively.

In FIGURE 1, the left half is S, and the right half is S}. In FIGURE 2, starting in the
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upper left corner and proceeding clockwise, these boxes denote S, ~ S,, S} ~ S,,
S1~ S5, S, ~ Sy; thus the left half is all of S, and the right half is all of S} (just as in
FIGURE 1). The top half is all of S, and the bottom half is all of Sj.

The Lew k-grams for k=3, 4, and 5 are depicted in FIGUREs 3, 4, and 5,
respectively.

In FIGURE 3, the left half is all of S, and the right half is all of S;. The top half is all
of S, and the bottom half is all of Sj (just as it is in the Lew 2-gram). Everything
inside the interior square is S; and everything outside the interior square is Sj. In
FIGURE 4, the left half is all of S,, the right half is all of S}, the top half is all of S,,
and the bottom half is all of S;. Everything inside the vertical rectangle is S; and
everything outside the vertical rectangle is Sj (just as it is in the Lew 3-gram).
Additionally, everything inside the horizontal rectangle is S, and everything outside
the horizontal rectangle is S)j. To get the Lew 5-gram in FIGURE 5, one just places a
vertical line segment in each of the 16 skewed boxes of the Lew 4-gram. Then
S,,..., S, are as they were in the Lew 4-gram, and anything to the left of one of these
vertical line segments is in Ss; anything to the right is in S5. Notice to get the Lew
5-gram, one simply places a Lew 1-gram in each of the 16 skewed boxes of the Lew
4-gram. FIGURES 6, 7, and 8 depict the Lew k-grams for k =6, 7, and 8, respectively.
Each of them is built up from the Lew 4-gram in a manner analogous to the
construction of the Lew 5-gram. To get the Lew k-gram for k =6, 7, and 8, simply
place a Lew k-gram with k = 2, 3, and 4, respectively, in each of the 16 skewed boxes
of the Lew 4-gram. We discuss the Lew 8-gram. From this, the interpretations of the
Lew 6-gram and Lew 7-gram follow analogously. To interpret the Lew 8-gram, we
start with a Lew 4-gram drawn with bold lines. This represents S, S,, S,, S, (and
their complements). In each of the 16 skewed boxes, we place a smaller Lew 4-gram
drawn with thinner lines. Sy is everything on the left side of any one of these smaller
Lew 4-grams and Sj is everything on the right side of any one of these smaller Lew
4-grams. Sg is the top half of all these smaller Lew 4-grams and S is the bottom half
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of all the smaller Lew 4-grams. Everything inside the vertical rectangle of any one of
these smaller Lew 4-grams is S;; everything outside any one of these vertical
rectangles is S7. Finally, everything inside the horizontal rectangle of any one of these
smaller Lew 4-grams is Sg; everything outside any one of these horizontal rectangles is
Sg. Notice that any intersection of the form T} ~ Ty ~ ... ~ Ty, where T, =S, or S; is
represented by a unique skewed box of the Lew 8-gram and vise versa. For example,
S, ~ 85~ 83~ 8~ 8~ S;~S;~Sg is represented by box E in the lower left of
FIGURE 8.

T[]
_{_

B |
B8 ||

B, Bs

&
™
f#

=

&
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o

FIGURE 6 FIGURE 7
Lew 6-gram Lew 7-gram

FIGURE 8
Lew S-gram

By iterating, one can construct a Lew k-gram for any k: If k is a multiple of four,
then one constructs the Lew-gram on k+ 1, k+2, k + 3, and k + 4 many sets by
placing a Lew k-gram in the skewed boxes of the Lew 1-gram, Lew 2-gram, Lew
3-gram, and Lew 4-gram, respectively. The interpretations are analogous to those
above.

Notice that the Lew k-gram contains 2% skewed boxes. This observation is clear
once one realizes that the skewed boxes of the Lew k-gram are in one-to-one
correspondence with all the k-tuples of 0s and 1s. Each skewed box can be labeled by
intersections of the form T) ~ Ty ~ ... ~ T, where T, =S, or S;. We let the k-tuple
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(t,ty,..., %), defined by t,=1if T, =S, and t, = 0 if T, = S}, be a way of coding for
the intersection T; ~ Ty ~ ... ~ T}. For example, (1,0,1,0,1,0,1,1) is the code for
skewed box E in FIGURE 8.

3. Lew k-grams and Ordered k-covers

Let 7=(S,,..., S;) be an ordered k-cover of [n] and consider the Lew k-gram. For
each j €[n], we define 7°(j) = (s,(}), s,(j), ..., s;(j)) where s;(j)=1if jE€ S, and
s;{(j)=0if j & S,. Thus, 7°(§) tells us exactly to which skewed box of the Lew k-gram
j belongs. More formally, for each 7, we have a function 7* between [n] and the
skewed boxes of the Lew k-gram. This function can be thought of as the actual
placing of the elements of [n] into the Lew k-gram. It is easy to see that if 7, # 7,
then 7§ # 7¥. From this it follows that different ordered k-covers on [n] correspond
to different ways of filling in the skewed boxes of the Lew k-gram with elements of
[n]. Note, if 7=(S,,...,S;) is an ordered k-cover, then 7* sends nothing to the
skewed box labeled (0,0, ...,0).

Is there any special way a minimal ordered k-cover of [n] tells us how to fill in the
Lew k-gram? Notice the boxes B, B,, ..., B, denoted in FIGURES 8, 9, and 10. For
each i, 1 <i <k, the k-tuple that has 1 in the ith entry and Os elsewhere codes for
the box B,. These boxes are significant because B, is in S;, but not in any other'S; with
j#i. If o=(S,...,S;) is a minimal ordered k-cover on [n], then each of the k
distinguished skewed boxes B, B,,..., B, in the Lew k-gram must receive at least
one element of [n]. This is because if B, =, then S, can be removed from o, and
what remains is still an ordered (k — 1)-cover of [n]. This observation ultimately
allows us to compute u(n, k).

[+ [+
_I_

B,
_i_ I |
| I3,
B, l 1 5
By _.I_- . ' [Bs 6
B, B, Bs
FIGURE 9 FIGURE 10

Example 1. Let o=(S,...,Ss) be given by S, =(1,2,9,...,12,15,16, 17,20},
S,=1{3,11,12,14,18}, S,=1{4,5,9,...,13,15,...,18), S,=16,11,...,17,20}, S, =
{7,...,11,13,15,16,17,20}, and S ={11,...,17,19,20}. Then o is a minimal 6-cover
of [20]. FIGURE 12 is the Lew 6-gram which has been filled by o *. Notice that each of
the distinguished skewed boxes B, ..., By in FIGURE 11 is filled.

Let 0=(S,,..., S;) be a minimal ordered k-cover of [n]. As with any function on
[n], the inverse image of the points in the range of the function o * defines a partition
P on [n]. We now view o * as a one-to-one function from p, to the set of skewed
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boxes of the Lewis k-gram, that must, by virtue of the minimality of o, place one
member of p, in each of the distinguished skewed boxes By, B,,..., By of the Lew
k-gram. Let P(n) denote the partitions of [n] and SB,(n) denote the skewed boxes of
the Lew k-gram. Then there is a bijective correspondence between OM;(n) and the
set of injective functions f with domain(f) € P(n), codomain(f) = SB,(n), and the
distinguished set of skewed boxes {B,, B,,..., B;} Crange(f). Thus to compute
|OM(n)|, we enumerate this set of functions.

Example 2. Let o be the minimal 6-cover of [20] defined in Example 1. Then
P, = {{1,2},{3},{4,5},{6},{7, 8},{9, 10}, {11}, {12}, {13}, {14}, {15, 16, 17}, {18}, {19}, {20}}.

1 L
|18

_i___ 1112 | 14
— 4

20} 17 13] _I_
I | I 6
9.10] |4,5 19

1,2 7,8

FIGURE 11

Example 3. We count |OM,(n)|. We have 2* — 1 =15 possible skewed boxes of
the Lew 4-gram to fill. (Recall we never fill the skewed box (0,0, ..., 0).) We want to
count the different ways of filling these skewed boxes with members of some partition
p of [n] so that each skewed box gets no more than one member of p, and the
distinguished skewed boxes B,, B,, B;, and B, get exactly one member. We use the
partition length as a parameter. (If a partition has m members, we say it has length
m.) Since we need to fill the skewed boxes B,, By, B,, and B,, we only consider
partitions with length at least 4. Letting a, = min(n,2* — 1), it is clear that we can fill
at most a, of the skewed boxes of the Lew 4-gram. Hence, we only need to consider
partitions of length m where 4 <m < a,. First consider the partitions of length four.
Since we must fill the four distinguished boxes, there are 4!S(n,4) ways to do this
because for each of the S(n,4) partitions of length four, there are 4! ways of making
the assignment. Next we consider the partitions of length five. We now fill the four
distinguished skewed boxes and an additional one. Since there are 15 — 4 = 11 skewed
boxes from which we may choose the additional one, there are 111 5!1S(n, 5) ways to
do this. Now we consider the partitions of length six. As before, we fill the four
distinguished skewed boxes and any two additional skewed boxes. Since there are still
15 — 4 = 11 skewed boxes from which we may choose the two additional ones, there

are (121)6! S(n,6) ways to do this. In general, if we take partitions of length m, where

4 <m < a,, then there are (ml_l 4)m!S(n, m) ways to fill the skewed boxes of the Lew

4-gram so that a minimal ordered 4-cover results. Summing over our parameter m, we
have
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TABLE 1. S(n, k)

n/k 1 2 3 4 5 6 7
1 1
2 1 1
3 1 3 1
4 1 7 6 1
5 1 15 25 10 1
6 1 31 90 65 15 1
7 1 63 301 350 140 21 1
o (11
= !
lOM,(n)l = ) (m_4)m.S(n,m),
m=4
and
1 ¢ (1
= — !
w(n,4) 7y m§4 (m—4 IS(n,m).

In general, to enumerate OM;(n), one begins with the Lew k-gram. Letting
a; = min(n, 2% — 1), one then considers the partitions of length m, with the parame-
ter m ranging over all values k <m < a;. With m fixed, one then fills the distin-
guished By, B,,..., B; skewed boxes and m — k additional skewed boxes in the Lew
k-gram with members of a partition of length m. Since there are 2k —k — 1 skewed

boxes in addition to the boxes B}, B,, ..., B, there are (an:f,: 1)m!S(n, m) ways of
doing this. Therefore

= y (25-k-1 m!S(n, m
|OM;(n) mgk( ek ) 1S(n,m),
and
1 & (ok—k—1
n, k) =37 m!S(n,m).
m( ) k!‘mgk( m—k ) S( ) (1)

From Tables 1 and 2 notice that S(n + 1,3) = u(n,2). This can be verified by
invoking the recursive definition for S(n, k) and using (1) to get that w(n,2)=
S(n,2) +3S(n,3). One question that we cannot answer is: Can u(n, k) be defined
recursively in terms of w(n — 1,k —1) and u(n — 1, k)?

TABLE 2. u(n, k)

n/k 1 2 3 4 5 6 7
1 1
2 1 1
3 1 6 1
4 1 25 22 1
5 1 90 305 65 1
6 1 301 3410 2540 171 1
7 1 966 33621 77350 17066 420 1
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The Golden Section and the Piano Sonatas
of Mozart

JOHN F. PUTZ
Alma College

Alma, MI 48801

Ubiquitous in nature, the golden section embodies its elegant proportion in the
starfish and the chambered nautilus, in the pine cone and the sunflower, and in leaf
patterns along the stems of plants [11, pp. 98, 113-114; 12, pp. 3-14; 31, pp.
150—-169]. Perhaps it is because the golden section is in some sense natural, that
artists, architects, and composers have often been influenced by it [14, 15, 21, 22].
And perhaps this is to be expected, even when not deliberate, insofar as art imitates
nature.

The golden section is defined to be that division of a line segment into two unequal
segments such that the length @ of the shorter segment is to the length b of the
longer, as the length of the longer is to the whole. See FIGURE 1. That is,

a b

b a+b-
For convenience, we let the segment to be divided have length 1 and the shorter
segment have length x as in FIGURE 2. Then the golden section is that division of the
segment for which

FIGURE 1 FIGURE 2
The golden section.

Solving this equation and setting ¢ equal to the common ratio, we have

x 1—x \/g—l
=T —==""1T ~— 3 = (0.6180.

This ratio (or its reciprocal) is variously called the “golden ratio,” “golden number,” or
“divine proportion,” and is sometimes said to offer the most aesthetically pleasing
proportion [4, p. 94; 16, pp. 62—65; 36, p. 74]. Whether or not this is accurate, the
effect of identical ratios between the parts and between the parts and the whole is to
unify the structure in a fundamental way.

At an age in excess of 24 centuries [32, p. 291], the golden section has become the
subject of modem debate. In [23], for instance, G. Markowsky debunks some
popularly held beliefs, such as, that the Parthenon, United Nations Building, and
Great Pyramid conform to the golden section, and that rectangles with golden ratio
proportions are the most pleasing. On the other hand, J. Benjafield and
J. Adams-Webber [2] have advanced the “golden section hypothesis” that whenever

275
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people must divide a whole into two unequal parts, they tend to make the division
near the golden section. In this paper, we take up the particular case of the piano
sonatas of W. A. Mozart (1756—1791). Some have said that these works do reflect the
golden section [7; 35, p. 242]. Here, we analyze some collected data to judge whether
there is convincing evidence to support this claim.

Even a listener who is only casually acquainted with the music of Mozart will hear
something familiar in it; from Mozart’s mind came melody not only delightful but
memorable. On another level, the genius of the composer is manifested in form and
balance. His music has been revered, among other things, for its “beautiful and
symmetrical proportions” [34, p. 217]. In 1853, Henri Amiel opined that “the balance
of the whole is perfect” [1, p. 54]. Hanns Dennerlein described Mozart’s music as
reflecting the “most exalted proportions,” and the composer himself as having “an
inborn sense for proportions” [quoted in 7, p. 1], a thought echoed by H. C. Robbins
Landon [20, p. 268]. Eric Blom wrote that Mozart had “an infallible taste for saying
exactly the right thing at the right time and at the right length” [5, p. 265].

Music and mathematics having been happily entwined from antiquity, it is not
surprising when talent in one accompanies enthusiasm for the other. Mozart’s sister,
Nannerl, recalled that when her brother was learning arithmetic, he gave himself
entirely to it and that “he talked of nothing, thought of nothing but figures” [19, p.
124]. She recalled that he once covered the walls of the staircase and of all the rooms
in their house with figures, then moved on to do the neighbors’ houses as well. When
he was 14, Mozart wrote to her asking that she send him arithmetical tables and more
exercises in arithmetic [25, letter of April 21, 1770, p. 130, and letter of May 19, 1770,
p- 137]. The margins of the manuscript of the Fantasia and Fugue in C major contain
Mozart’s calculations of the probability of winning a lottery [18, p. 178]. Alfred
Einstein, one of Mozart’s biographers wrote: “The pleasure of playing with figures
remained with Mozart all his life long. Thus he once took up the problem, very
popular at the time, of composing minuets ‘mechanically,” by putting two-measure
melodic fragments together in any order. And we possess a page of musical sketches
on which he had begun to figure out the sum which the chess player would have
received from the King in the famous Oriental story” [9, p. 25].

By the age of 18, Mozart had composed his first sonata for piano [17, p. 42; 29, p.
45]. He wrote 19 altogether [6, pp. vi—vii], most of them during the next four years of
his life, and almost all of them comprising three movements. In Mozart’s time, the
sonata-form movement was conceived in two parts [26, pp. 30-35; 28, pp. 160, 163;
30, pp. 1-2; 33, pp. 14-15]: the Exposition in which the musical theme is introduced,
and the Development and Recapitulation in which the theme is developed and
revisited. See FIGURE 3. As a rule, each section was to be repeated (as indicated by the
symbol :1) in performance [24, p. xxxiii]. It is this separation into two distinct sections,
together with the foregoing, which gives cause to wonder how Mozart apportioned
these works.

Exposition A Development & Recap. |
a b !
FIGURE 3
Sonata-form movement.

T

Table 1 is a collection of data for all Mozart’s sonata movements that are divided
into two distinct sections, both of which are to be repeated in performance. Of the 56
movements, 29 are constructed in this way. The data are measure counts (taken from
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[6]) of the lengths of the two sections: a represents the length of the Exposition, and
b the length of the Development and Recapitulation. (When codas were present, they
were not included as part of the second section.) The first column identifies the piece
and movement by the Kochel cataloging system. K. 498a was not included because its
authenticity is in doubt [6, p. vi; 29, p. 56]. The first movement of the first sonata, K.
279, is 100 measures in length and is divided so that the Development and Recapitula-
tion section has length 62. Note that 100¢, rounded to the nearest natural number, is
62. (These lengths are necessarily natural numbers because they are measure counts.)
This is a perfect division according to the golden section in the following sense: A
100-measure movement could not be divided any closer (in natural numbers) to the
golden section than 38 and 62. This is true of the second movement of this sonata as
well. That is, a 74-measure movement cannot be divided any closer to the golden
section than 28 and 46. Mozart did not, however, divide the third movement of K. 279

TABLE 1
Kéchel a b a+b
279,1 38 62 100
279,11 28 46 74
279, I11 56 102 158
280,1 56 88 144
280, IT 24 36 60
280, I11 77 113 190
281,1 40 69 109
281,11 46 60 106
282,1 15 18 33
282,111 39 63 102
283,1 53 67 120
283,11 14 23 37
283,111 102 171 273
284,1 51 76 127
309, 1 58 97 155
311,1 39 73 112
310,1 49 84 133
330,1 58 92 150
330, I1I 68 103 171
332,1 93 136 229
332,111 90 155 245
333,1 63 102 165
333,11 31 50 81
457,1 74 93 167
533,1 102 137 239
533,11 46 76 122
545,1 28 45 73
547a,1 78 118 196
570,1 79 130 209

exactly in golden section. An exact division would require b to be 98, not 102.

To evaluate the degree of consistency in these proportions, we use a scatter plot of
b against a + b. If Mozart was consistent, there should be a linearity to the data, and
if he divided movements near to the golden section, then the data points should fall
near the liney = @x. FIGURE 4 shows this scatter plot. Certainly, the linearity in the
data is striking. The r? value is 0.990, confirming an extremely high degree of
linearity. To this plot, we add two lines (FIGURE 5): the line y = @x, and the
regression line whose equation is y = —0.003241 + 0.6091x. The line y = @x scarcely
differs from the line of best fit and, at the scale of FIGURE 5, it is difficult to see any
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difference at all between them. Of course, the line y = @x is a little above the
regresssion line because of its slightly larger slope. Finally, a histogram (FIGURE 6) of
the ratio b/(a + b) reflects the centrality of ¢.

b
300 300_1 b
200+ 200
1004 ST 1001 )
-."-. %
K ) a+b a+b
0 1] T 1 \
0 100 200 300 o7 oo 200 300
FIGURE 4 FIGURE 5
Scatter plot of b against a + b. Scatter plot of b and a+b with the line

y = ¢x (top) and the regression line (bottom).
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This is impressive evidence that Mozart did, with considerable consistency, partition
sonata movements near the golden section. Before we become convinced, however,
let us analyze these data in another way. If a movement is divided in golden section,
then both a/b and b /(a + b) should be near ¢. We have focused on b /(a + b); let
us concentrate now on a/b. FIGURE 7 is a scatter plot of a against b. Again, the data
look very linear, though not so much so as b and @ + b. To this plot, we again add the
line y = x and the regression line whose equation, this time, is y = 1.360 + 0.6260x.
See FIGURE 8. The line of best fit, which is the one on the top in FIGURE 8, and the
line y = @x again differ very little. The r? value of 0.938 verifies somewhat less
goodness of fit. A histogram (FIGURE 9), however, is more revealing, showing much
more variance than FIGURE 6 and, therefore, less evidence for the centrality of ¢.

Now, why is this? It is possible, of course, to put a slant on the interpretation of
data by the choice of presentation, but there seems to be something other than that
going on here. And there is: It is a theorem [10] that what we have observed in these
data is true for all data; b/(a + b) is always nearer to ¢ than is a/b.
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FIGURE 7 FIGURE 8
Scatter plot of a against b. Scatter plot of a against b with the line

y = @x (bottom) and the regression line (top).
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Proof. Let x =a/b. Then we must show that

x-il-l —¢'S!x—¢|

for all x €[0,1]. Let f(x) =1/(x + 1). By the Mean Value Theorem, for all x € [0, 1]
there is a £ (0, 1) such that

Lf(x) =f(e) | =11(E)]]x—ol.
Now f'(x) = —1/(x + 1)? satisfies
i<If(vl<1

for x €(0,1). A simple calculation will show that ¢ is a fixed point of f, that is, that
f(@) = ¢. So, for all x<]0,1],

1
e il R E

with equality when x = ¢.

We note, in passing, that the fixed-point algorithm of numerical analysis works on
this principle, and that this theorem says that the ratio of consecutive terms of any
Fibonacci-like sequence (f; = a, fy =b, f, .5 =f, + f,+1 with @ and b not both zero)
converges to ¢.
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Thus we know that, given any pair a and b, 0 < a <b, the ratio b/(a + b) will be
closer to ¢ than a/b will. An enthusiast wishing to demonstrate a golden ratio
relationship between, say, shoe size s and ACT score t, should present data in the
form ¢/(s +t) instead of s/t, because t/(s +¢) will be biased toward ¢. Table 2
shows some data to demonstrate this. As the theorem predicts, in every case t /(s +t)
is nearer to 0.6180 than s/t is. One lesson to be learned from this is clear: If we are
to analyze data in this way, then we must confine our investigations to the ratio a/b.
Otherwise, we are likely to find ¢ even when it is not there. Unfortunately, some
investigations have focused on the ratios b /(a +b) [2, 3, 8].

TABLE 2
Shoe size ACT score t s
s t s+t t
8 26 0.7647 0.3077
10 22 0.6875 0.4545
9 28 0.7568 0.3214
12 25 0.6757 0.4800

Drawing our attention, then, to a/b and following the ideas in [10], let us ask what
values we might reasonably expect the ratio to have. It would be absurd to think that
any composer, at least in the classical period, would write, for example, a 200-measure
sonata movement and divide it into two parts so lopsidedly as 1 and 199, or 2 and 198,
or even 10 and 190. There simply would not be enough room in that to accomplish
the purpose of the first section: the exposition of the theme. Quantz suggests some
balance in the relationship in saying that “the first part must be somewhat shorter
than the second” [27, p. 591]. So if we let the length of the movement m =a + b be
fixed, then a must be bounded below at some practical distance away from 0, and
bounded above by m /2. For the moment, let us suppose that m /4 < a <m/2. This
interval satisfies the conditions at least and has the appeal of simplicity. If we assume
that a is randomly distributed, then an estimate of the expected value of a/b is

_ 1 m/2 X
E(a/b)—-~m/4 » m—xdx
4 l I I m/4
= — + —_
m(x mln|x m)]m/2
=4ln%—l
=~ (.6219.

This estimate differs from ¢ by about 0.6%. Of course, infinitely many other intervals
also conform to the assumptions, and the expected values vary widely. For example,
0.3m <a <0.4m gives E(a/b) = 0.5415. The data in Table 1 satisfy 0.348m <a <
0.455m. Using this interval, E(a/b) = 0.6753. On the other hand, intervals satisfying
the conditions can be chosen so that the expected value is exactly ¢. One such interval
is [rm, (r + 1/5)m] where

1— (p+1)/5
_1=(4/5)e
1 —eletD/5

The point is this: The sonata form itself imposes restrictions. Depending on the
assumptions we make about a to conform to them, these restrictions can induce on


http://www.jstor.org/page/info/about/policies/terms.jsp

VOL. 68, NO. 4, OCTOBER 1995 281

a/b central tendency in the vicinity of ¢ and, in some cases, very near ¢. And this is
true even when @ is determined, not by thoughtful design, but by uninspired
randomness.

Still, we must remember that these sonatas are the work of a genius, and one who
loved to play with numbers. Mozart may have known of the golden section and used
it. That there is considerable deviation from it (FIGURE 9) suggests otherwise,
however. Perhaps the golden section does, indeed, represent the most pleasing
proportion, and perhaps Mozart, through his consummate sense of form, gravitated to
it as the. perfect balance between extremes. It is a romantic thought.

The “music” of nature and the music of man belong to two distinct
categories. The transition from the former to the latter passes through the
science of mathematics. An important and pregnant proposition. Still, we
should be wrong were we to construe it in the sense that man framed his
musical system according to calculations purposely made, the system
having arisen through the unconscious application of pre-existent concep-
tions of quantity and proportion, through subtle processes of measuring
and counting; but the laws by which the latter are governed were
demonstrated only subsequently by science.

—Eduard Hanslick, 1854 [13, p. 110]
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Can a Mathematician See Red?

Consider the sphere—

a hollow rounded surface
with no thickness.

Each point that we see
from the outside

is also a point we can see
from the inside.

If I paint red
all over the outside,
is the inside red?

The mathematician says NO,
for the layer of paint

forms a new sphere

that is outside the outside
and not a bit inside.

A mathematician
takes safe pleasure
in surface mysteries.

A poet
will see red
inside.

—JOANNE GROWNEY
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
BLOOMSBURG UNIVERSITY, BLOOMSBURG, PA 17815
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Can a Mathematician See Red?

Consider the sphere—

a hollow rounded surface
with no thickness.

Each point that we see
from the outside

is also a point we can see
from the inside.

If I paint red
all over the outside,
is the inside red?

The mathematician says NO,
for the layer of paint

forms a new sphere

that is outside the outside
and not a bit inside.

A mathematician
takes safe pleasure
in surface mysteries.

A poet
will see red
inside.

—JOANNE GROWNEY
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
BLOOMSBURG UNIVERSITY, BLOOMSBURG, PA 17815
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The Phi Number System Revisited

CECIL ROUSSEAU

University of Memphis
Memphis, TN 38152

1. Introduction In the November-December 1957 issue of this MAGAZINE, George
Bergman, then 12 years old, published an article on a number system in which the
base is the golden ratio (¢ = (1 + V5)/2) [1]. Since then, the phi number system has
become part of the folklore of elementary mathematics and has, for example,
appeared in an exercise in Knuth’s The Art of Computer Programming [2, problem
35, p. 85]. One of the basic results involving the phi number system is that every
positive integer has a finite expansion.

THEOREM. For every positive integer n, there is a corresponding finite sequence of
distinct integers ki, ky, ..., k,, such that n = ¢* + ¢p*2 + -« + $*n.

In his article, Bergman showed that every positive real number has an expansion of
the form ¢*1 + ¢*: + p*s + -+, where k; >k, > k; > -+ and thus every such num-
ber has a “base ¢ representation using digits 0 and 1. Moreover, this representation
is unique if no two consecutive digits are 1’s and the expansion does not become
“01010101---” after some finite number of digits. In this note, we prove the theorem
about finite expansions for positive integers (and a little bit more) using some common
notions from algebraic number theory.

2. Proof Let Z[¢p]l={a+Dbola,b€Z}. The conjugate of a=a+bdpeZ[$] is
@=a—b/¢ and the norm is N(a) = aa@ = a® + ab — b*%. Note that a=a-b/5,so

N(a)=a(a—b/¢) =a(a—b/5). (1)

We shall use the fact that N(aB) = N(a)N( B). Clearly N(¢) =N(¢ )= —1, and
hence |N(¢*)| =1 for every k €Z. Also N(a) =0 if, and only if, @ =0. For an
introduction to algebraic number theory and uses of the norm, see [3, chapter 5].

In what follows, we shall regard Z[¢] as a subset of R, ordered in the usual way.
We shall prove that every positive number in Z[ ¢] can be expressed as the sum of a
finite number of distinct integral powers of ¢. This can be proved in other, more
elementary, ways, but it is of some interest to note that the norm given by (1) provides
a natural vehicle for obtaining the expansion and establishing that it is finite. One key
fact is needed.

LEMMA. If a € Z[ $] satisfies 1 < a < V5, then IN(a)| > IN(a—1)|.

Proof. Note that for any element y=c+d¢ € Z[$] satisfying 0<y< V5,
(1) yields

y(dV5 —y) ifd>1,

IN(y)I = yle —d/¢l = yly—dV5]| = Sr-dB) ifd<1.

(2)

Given that a=a +b¢ satisfies 1 <a<V5, we can apply (2) in computing both
IN(a)| and [N(@—1)|. If b>1, then bV5 >2a — 1 and
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IN(a)l =a(bV5 —a)>(a—1)(b/5 —(a—1))=IN(a—1)|.
Similarly, b <1 yields b/5 <2a—1 and
IN(a)l =a(a—bV5)>(a—1)((a—1) —bV5) = IN(a—1)I.
Hence |[N(a)| > |[N(a — 1)| holds in all cases.

The proof that every positive number in Z[ ¢] can be expressed as a finite sum of
integral powers of ¢ now proceeds by the greedy method. Let o be a positive
number in Z[$]. Choose k €Z so that ¢* <o < d**! and set a = ¢ *o. Then
l<a<¢<V5 and by the lemma,

IN()l = IN(a)l > IN(a = 1)l = IN(o— ).
If o> ¢*, repeat the process. Thus we obtain o= ¢*1 + ¢*2+ - + pFn after a
finite number of steps since |N(a)| is a positive integer for all a # 0, and

IN(a)l > IN(o— ¢51)| > IN(o — ¢F1 — ¢pF2) > -+ > 0.

The integers k|, k,, ..., k,, are distinct; indeed, k;, —k,,; >2 for i=1,2,...,m—1
since ¥ <o < ¢**! implies 0 <o — ¢* < ¥~ Thus, according to the result
mentioned earlier, this procedure generates the unique “base ¢ expansion in which
no two consecutive digits are 1’s.

REFERENCES
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Proof without Words:
Alternating Sums of Triangular Numbers

2n—1

T,=1+2+ - +k= Y (=11, =n?
k=1
© © ©
@) 00 ° o ©
© ©0 +000 -0 0 - ©0 0 ©
_0 +00 -~ 000 0e0e ©.70 © ©
©~ 00 ©00 0000 ©0000 00 © °

Note: For “proofs without words” of a dual statement—alternating sums of
squares are triangular numbers—see this MAGAZINE, December 1987, p. 291; and
April 1992, p. 90.

—RocEr B. NELSEN
Lewis aND CrLarx COLLEGE
PortLanp, OR 92719
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IN(a)l = a(bV5 —a)>(a—1)(bV/5 —(a—1)) = [N(a—1)|.
Similarly, b < 1 yields V5 <2 — 1 and
IN(a)l =a(a—bV5)>(a—1)((a—1) —bV/5) = IN(a—1)|.
Hence |[N(a)| > |[N(a — 1| holds in all cases.

The proof that every positive number in Z[$] can be expressed as a finite sum of
integral powers of ¢ now proceeds by the greedy method. Let o be a positive
number in Z[¢]. Choose k €Z so that ¢* <o < ¢**! and set a= ¢ *o. Then
l<a<¢<y5 and by the lemma,

IN(o)l = IN(a)l > IN(a—1)| = IN(o— ¢*)I.

If o> ¢*, repeat the process. Thus we obtain o= ¢* + ¢p*2 + --- + p*» after a
finite number of steps since |N(a)| is a positive integer for all a # 0, and

IN(a)l > IN(o— ¢")| > IN(o— ¢pF1 — ¢*2)| > - > 0.
The integers k,, k,, ..., k,, are distinct; indeed, k;, —k,,;, >2for i=1,2,...,m—1

4 m
since ¥ << ¢**! implies 0 <o — ¢* < @d*"!. Thus, according to the result
mentioned earlier, this procedure generates the unique “base ¢ expansion in which

no two consecutive digits are 1’s.
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A Note on the Equality of the Column
and Row Rank of a Matrix

GEORGE MACKIW
Loyola College in Maryland
Baltimore, MD 21210

A basic result in linear algebra is that the row and column spaces of a matrix have
dimensions that are equal. In this note we derive this result using an approach that is
elementary yet different from that appearing in most current texts. Moreover, we do
not rely on the echelon form in our arguments.

The column and row ranks of a matrix A are the dimensions of the column and row
spaces, respectively, of A. As is often noted, it is enough to establish that

row rank A < column rank A (1)

for any matrix A. For, applying the result in (1) to A’, the transpose of A, would

produce the desired equality, since the row space of A’ is precisely the column space

of A.‘We present the argument for real matrices, indicating at the end the modifica-

tions necessary in the complex case and the case of matrices over arbitrary fields.
We take full advantage of the following two elementary observations:

1) for any vector x in R", Ax is a linear combination of the columns of A, and
2) vectors in the null space of A are orthogonal to vectors in the row space of A,
relative to the usual Euclidean product.

Both of these remarks follow easily from the very definition of matrix multiplication.
For example, if the vector x is in the null space of A then Ax =0, and thus the inner
product of x with the rows of A must be zero. Since these rows span the row space of
A, remark 2) follows. An immediate consequence is that only the zero vector can be
common to both the null space and row space of A, since 2) requires such a vector to
be orthogonal to itself.

Given an m by n matrix A, let the vectors x;, x,,...,x, in R" form a basis
for the row space of A. Then the r vectors Ax,, Ax,,..., Ax, are in the column
space of A and, further, we claim they are linearly independent. For, if
¢ Ax; + ¢y Axy + +++ +c¢, Ax, = 0 for some real scalars ¢, c,,...,c,, then A(c;x, +
Cyxy+ ++ +c¢,x,) =0 and the vector v=c,x; +cyx, + **+ +¢,x, would be in the
null space of A. But, v is also in the row space of A, since it is a linear combination of
basis elements. So, v is the zero vector and the linear independence of x, x,,..., x,
guarantees that ¢, =c, = +** = ¢, =0. The existence of r linearly independent vec-
tors in the column space requires that r < column rank A. Since r is the row rank of
A, we have arrived at the desired inequality (1).

This approach also yields additional information. Let y,, y, ... y; form a basis for
the null space of A. Since the row space of A and the null space of A intersect
trivially, it follows that the set {x|, x,,..., x,, y1, y,,..., y;} is linearly independent.
Further, if z is a vector in R" then Az is in the column space of A and hence
expressible as a linear combination of basis elements. Thus, we can write
Az =Y7_, d; Ax;, for scalars d;. But then the vector z — L7_, d;x; is in the null space
of A and can be written as a linear combination of y,, y,,..., y;. Thus z can be
expressed as a linear combination of the vectors in the set {x, x,,...,x,,
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Y1, Yg,---> Yz} and this set then forms a basis for R”. A dimension count yields
r + k =n, giving the rank and nullity theorem without use of the echelon form.

Note that the reliance on orthogonality in the arguments above is elementary and
does not require the Gram-Schmidt process. The ideas used here can be readily
applied to complex matrices with minor modifications. The hermitian inner product is
used instead in the complex vector space C", as is the hermitian transpose. Observa-
tion 2) would note then that vectors in the null space of A are orthogonal to those in
the row space A.

The row and column rank theorem is a well-known result that is valid for matrices
over arbitrary fields. The notion of orthogonal complement can be generalized using
linear functionals and dual spaces, and the general structure of the arguments here
can then be carried over to arbitrary fields. The text [1, pp. 97 ff.] contains such an
approach.

Many authors base their discussion of rank on the echelon form. The fact that the
non-zero rows of the echelon form are a basis for the row space, or that columns in
the echelon form containing lead ones can be used to identify a basis for the column
space in the original matrix A, are central to such a development of rank. Results
such as these follow easily if it is established independently that row rank and column
rank must be equal.

The author would like to thank the referee for several valuable suggestions.
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A One-Sentence Proof That V2 Is Irrational

DAVID M. BLOOM
Brooklyn College of CUNY
Brooklyn, NY 11210

If V2 were rational, say V2 =m/n in lowest terms, then also V2 =(@n —m)/
(m —n) in lower terms, giving a contradiction.

(The three verifications needed—that the second denominator is less than the first
and still positive, and that the two fractions are equal—are straightforward.)

The argument is not original; it’s the algebraic version of a geometric argument
given in [1, p. 84], and it was presented (in slightly different form) by Ivan Niven at a
lecture in 1985. Note, though, that the algebraic argument, unlike the geometric,
easily adapts to an arbitrary vk where k is any positive integer that is not a perfect
square. Indeed, let j be the integer such that j < vk < j + 1. If we had vk =m /n in
lowest terms (m,n €Z"), then also vk = (kn — jm)/(m —jn) in lower terms, a
contradiction.
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1990.
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On Groups of Order pq
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The characteristic that distinguishes finite group theory from other branches of
algebra is the arithmetical nature of many important theorems. Indeed, proofs in finite
group theory often amount to sophisticated counting; Lagrange’s theorem and the
Sylow theorems are quintessential examples of the genre.

Another highly appealing “arithmetical” result that is typically presented as an
application of the Sylow theorems is that a group of order pq, where p and g are
primes, g <p and g does not divide p — 1, is cyclic (see, for example, [1, p. 245],
[2, p. 358] or [3, p. 495]). The standard proof of this statement is as follows. By the
Sylow theorems there are subgroups H and K of orders p and g that are normal.
From the normality of H and K and the fact that HNK={e}, it follows that
elements of H and K commute with each other (see [2, p. 358]). Thus, if |h| =p and
|kl =g, then |hk| = pq and the group is cyclic.

Since the Sylow theorems occur late in many undergraduate abstract algebra
textbooks, most students who take only one semester of algebra will not encounter
them. In this note we offer a proof of the “pq” result that does not use the Sylow
theorems or normality. It can be given as an application of cosets and Lagrange’s
theorem. Our argument is an excellent illustration of “sophisticated counting.”

The proof utilizes the following easy-to-prove facts.

Fact 1. For any group, the conjugacy classes cl(a) = {xax~'|x € G} partition the
group.

Fact 2. For any a in a finite group G, |cl(a)l = |G| /|C(a)]. (Here, C(a) is the
subgroup {x € Glxa = ax}.)

Fact 3. |xax™'| = |al.

THEOREM. Suppose p and q are primes with q <p and q does not divide p — 1.
Then any group G of order pq is cyclic.

Proof. Assume the statement is false. By Lagrange’s Theorem we may assume that
every nonidentity element of G has order p or q. Let a+#e belong to G. If
|C(a)| =pq, then for any b & {a) we have |b| # |al, for otherwise |{a,b)| =p? or
q®. But |b| # |a| and b € C(a) implies |ab| =pq. So, we may assume that for all
nonidentity elements a in G, |C(a)| =p or gq.

We now count the elements of order p and q. Since |a| =p implies |cl(a)| =
|G|/1C(a)| = q, the number of elements of order p is a multiple of g. Moreover,
because |a| =p implies |a'| =p for i=2,...,p — 1, the number of elements of
order p is also a multiple of p — 1. Since ged(g, p — 1) = 1, the number of elements
of order p is a multiple of g(p — 1). Analogously, the number of elements of order g
is a multiple of p(g — 1). Since neither g(p — 1) nor p(g — 1) divides pg — 1, not all
the nonidentity elements of G can have the same order. Thus, there must be at least
g(p —1) +p(g — 1) > pg elements in G. This contradiction finishes the proof.
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Finding Time

Points chase points
around the circle,
anti-clockwise,

fighting time.

You know time’s a circle,
rather than a line.

Make a line a circle!
Pick a center.

Wrap and wrap and wrap
the line around the rim.
How do the ends

get tucked in?

Cut a circle open,
stretch into a line.
Does the cut destroy
a point or fit
between a pair?

If the cut’s midway

from now to Tuesday,
how do I get there?
Do I move on

by going back,

or may I

skip a space?

A square is neither line
nor circle; it is timeless.
Points don’t chase around
a square. Firm, steady,

it sits there and knows

its place. A circle

won’t be squared.

—JoANNE GROWNEY
DEPARTMENT OF MATHEMATICS AND COMPUTER SCIENCE
Broomssure UniversiTy, BLoomssurc, PA 17815
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Thinning Out the Harmonic Series

G. HOSSEIN BEHFOROOZ

Utica College of Syracuse University
Utica, NY 13502

Introduction It is well known that the harmonic series

[}

1 1,1 1
n§15—1+§+§+--~+5+--- (1)
is divergent, and its partial sum
-1
S.= L %
k=1

is close to log n; this shows that the harmonic series diverges very, very slowly. For
example, it takes more than 1.5 X 10*® terms for its partial sums to reach 100; see [3],
[4], and [5]. In this paper, we refine and thin out the harmonic series to show that the
divergence of this series depends on some of its specific terms and without those
terms the remaining subseries is convergent. Then, an upper bound and an approxi-
mate value will be given to the value of the convergent subseries. Finally, by use of
the derived results, it will be shown that the divergence of the Euler series Z% (over
prime numbers p) depends on specific prime numbers.

We begin with two interesting results about subseries of (1). For simplicity, it is
convenient to introduce a little terminology here. Let r=10,1,2,...,9. We say that
the positive integer n contains r, if r is one of the digits of n, i.e., the decimal
representation of n contains at least one r, and we write r € n; otherwise n is called
an r — free integer and we will denote this by r & n. For example, 16 contains 1 and
6, but it is obviously a 2 — free number, and we can also write 2 € 289, 5 € 1059, and
6 & 281.

PROPOSITION 1. The subseries

1 1 1 1 1 1 1 1
9£;=-9-+E+‘2'§+”'+‘8'§+%+ﬁ+"'+®+“', (2)
of the harmonic series (1), which consists of all terms of (1) with one or more nines, is
a divergent series.

Proof. 1t is clear that the series (2) with positive terms is greater than the divergent
series

= 1
Z 2
= T0k+9

and so it is a divergent series.

Now, if all the terms of the subseries (2) are deleted (omitted) from the original
harmonic series (1), the remaining series

1 1 1 1 1
Y o=ltgtgtotgtp T, (3)
9¢&n
consisting of all 9 — free terms of (1), appears to be divergent. If we compare the
terms of the two series (2) and (3), we see that, between 1 and 9 there is only one
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term from (2) but there are eight terms from (3), and similarly between 10 and 99,
there are 18 terms from (2), but 72 terms from (3), and so on. For these reasons, it
seems that the series (3) is divergent. In fact, though, the series (3) is convergent, and
this has been known for a long time! In 1914, Kempner [8] proved this by using
mathematical induction, and he called (3) “A Curious Convergent Series”; see also [1],
(2], [3], [7], [9], [10], [12] and [13]. Here, we will give a different proof, which gives us
a sharper upper bound for the sum of (3). Then by extending this idea we will find
further interesting and new surprising results about other subseries of the harmonic
series (1).

PROPOSITION 2. The series (3) is convergent.

Proof. There are only 8 X 9% different (k + 1)-digit positive integers with their
digits belonging to {0,1,2,...,8}. So, for any natural number k, there are only 8 X 9k
9-free positive integers between 10* and 10" — 1. The series (3) can be rearranged
and rewritten as:

1 1 1 1 1
Y o=ltgtgttgtt
9¢&n
—l+l+l+...+l+i+...+i
N 2 3 8 10 88
+(L+...+L)+...+ L.l...._l. 1 +
100 88 10% 88:--8
2 °
8 %X 9! times k times 8 X 9* times
8 X 9° times e ———
< 1+1+...+1 + i+i+...+i +...+ L+...+L +.4
10 T 10 10 10* 10*

=(8><9°><%)+(8><91><L)+(8><92><—)

‘ Lo 1 9 \*
ok (8 X0 X oy +--=8Y |=5] =80.

This proves that (3) converges.

For any positive integer k, let N, be the number of all 9-free positive integers that
are less than 10¥, and M, be the number of positive integers that are less than 10
and contain at least one digit 9. From the above proof we have N, =¥Xf718 x 9’
=9%—1 and M, =(@10F—1)— (9% — 1) = 10* — 9*. These results imply that
limg .. N,/M, = 0.

The series (3) converges very, very slowly. The value of its partial sum with 10°
terms reaches 12.0908, which is relatively very far from the actual value of the series,
22.921. After 10° terms from this convergent series, the partial sum and the exact
value do not have even a single digit in common!

Obviously, the digit 9 does not play a critical role in Propositions 1 and 2, so we
have the following theorem.

THEOREM 1. For any number r =0,1,...,8,9,

(1) the series ), % is divergent, (4)
ren
(I1) the series . ;11- is convergent. (5)

réEn
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Recently, Baillie [2] has calculated (to 20 decimal places) the value of the conver-
gent series (5) for r=0,1,...,9. Table 1 gives three decimal-place values of these
sums Ty, T}, T, ..., Ty; see also [3] and [11].

TABLE 1
T, = 23.103 T, = 16.177 T, = 19.257 T, = 20.570 T, = 21.327
T, = 21.835 T, = 22.206 T, = 22.493 T, = 22.726 T, = 22.921

We can extend the above result by changing the base from base 10 to any particular
base b. For example, if we consider base 100 then we obtain a convergent series by
deleting any particular digit in base 100; see [3]. Also, if we look at Table 1, we see
that the values of the T, are increasing for i > 1. This suggests the following open
question (prove or disprove).

m

Open Question. For any base b, is T, < T,, whenever 1 <m <n?

New surprising results Let us consider two special cases in Theorem 1, with » =9
and r=8:

(1) the series Y. %— is divergent, (6)
9€en

(IT) the series ). % is convergent. (7
8¢&n

It is obvious that the convergent series (7) contains all terms of the divergent series
(6), except those terms that contain both digits 8 and 9 (like 89, 98,189, ---). So, the
divergence of (6) and also the harmonic series (1) depends on such terms. This means
that the series -

yl.l,1_ 1. ®)

is divergent, and its complement with respect to (1) is convergent. In general, we have
the following theorem.

THEOREM 2. For any two different integers r,s =0,1,...,9,

(1) the series Y. 1 is divergent, 9)
r,S€n n
(I1) the series ), 71; is convergent. (10)
ré&nV sé&n

If we sum the 10 convergent series with their sums given in Table 1, then the
resulting series

1 1 1
T=) —4+ Y =+ + 3 = (11)
n n n
0¢&n 1&n 9¢&n
will be a convergent series with sum less than 213. Obviously, there are still some
other terms in the harmonic series that do not belong to the convergent series (11).
All such terms contain each of the digits 0,1,2,...,9, at least once, and 155755 is the
first of these terms. Now we state the main theorems of this paper.
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THEOREM 3. Let D be the set of positive integers that contain each of the digits
0,1,...,9 at least once; then

(1) the series Y, 711- is divergent (12)
n€D

(I1) the series ). % is convergent. (13)
né&D

THEOREM 4. For any positive integer k, let N} be the number of positive integers n
that are less than 10* and n € D, and M, be the number of positive integers m that
are less than 10¥ and m & D. Then lim, _, , N,/M, = 0.

Proof. This theorem is a special case of the following theorem.

THEOREM 5. Suppose that C is a subset of positive integers and ¥, .c1/n is
convergent. For any positive integer k, let N, be the number of elements in C that are

<10%, and M, = 10¥ — N,. Then lim, _, ,, N, /M, = 0.
Proof. 1t suffices to show that

Since N, —N,_, is the number of elements of C, ={n € C|10*"! <n < 10*}, we
have

yl. v 1 _ NN,
n = k k
nec, ' nec, 10 10
and so
2 N —N
Yy kel ¢ 1w
k=2 10 neC n
Thus
N, —
lim ——*=L kk—l =0.
k- 10

If we set a, = N, /10*, then for all k, we have a; <1 and lim, _, .(a; —a;_,)/10=0.
Now we show that lim, ., a;, =0. Let €> 0. There exists an integer n, such that
(ay —a;,_,)/10 <, for all k >n. By induction on m, it can be shown that for any
m>1,

Aytm <€ k| T T0™ -
n+ = 10k 10

Letting m — o, this will imply that lim sup a;, <(10/9)€, and since €> 0 is arbitrary,
we conclude that lim, ,, a;, = 0.

A note on the Euler series Now we consider the divergent Euler series £+, over
prime numbers p (see, Hardy and Wright; [6; pp. 17, 120, and 349]). Again, the sum
of ten convergent series (11) contains all the terms of Y=, except for those prime
numbers that belong to the set D. Hence the divergence of the Euler series Z% is
due to such prime numbers. For example, 1012345789, 10123465789, and
10123465897 are the first three such primes. When these primes are deleted from the
Euler series )., the remaining series is convergent.
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THEOREM 6. Let E be the set of all primes that contain each of the digits 0,1,...,9

at least once. Then

(1) the series ), % is divergent, (14)
pEE
(II) the series ZE % is convergent. (15)
pE

The divergence of series (14) implies that the set E is infinite.

Acknowledgment. I would like to thank the referees for their comments.
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Limitless Integrals and a New Definition
of the Logarithm

DAVID SHELUPSKY
Department of Physics

The City College of New York
New York, NY 10031

The integrals we consider are

fbx" dx for integers n # —1. (1)
a
We show by a clever choice of the evaluation points in the partition intervals used to
define the Riemann sums for these integrals that we can arrange for these sums to
agree exactly with the value of the integral. Thus the integrals can be evaluated
without having to take limits. We also show how the inequalities used here lead to a
new definition of the natural logarithm that does not involve limits, series or integrals,
or even the exponential function.
A Riemann sum for the integral in (1) is

%t -5,) ®

where (x4, x|, x5,...x,,) is an ordered partition of [a,b] and x,_; <u, <x, for
i=1,2,...m. For convenience we suppose that 0 <a <b, and that a > 0 when n is
negative. Since the case n =0 is trivial, we assume that n#0, —1. Let u,=
M, (x;, x,_,), where M,(u,v) is defined for u,v >0 by

M, (u,u)=u (3)
and

n+ n+l 1/n

utl —yp

o = |

for u # v. If 0 < v <u then, as we show below, v < M, (u,v) <u and so x;_; <u, <x,.
With this choice of u, we have

ul (= xy) = (o =) /(n+ 1)
and so the Riemann sum (2) telescopes and has the value
(b'l+1—a"+l)/(n+l). (4)

The mesh size max,(x; —x;_,) may be made arbitrarily small, so, invoking the usual
theorems on the existence of the integral (see [1], for example) we see that the value
of the integral (1) must be the expression (4). For n negative we only need these
results for v > 0.

What makes the method work is the fact that each expression M, defined by (3) is
an average. We note in fact that M,(u,v) = (u +v)/2 and M _,(u,v) = (uv)"/? are
the arithmetic and geometric means respectively. For n a positive integer the
mean-value property of M, follows from the formula

Mn(U, U) = [(u" +ur 4. +U")/(n + l)]1/" (5)
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and the fact that the radicand is the arithmetic average of n + 1 non-negative
numbers, all not equal, the largest of which is u" and the smallest of which is v™.
Since we have ruled out n =0 or —1, and n = —2 is the easy case of the geometric
mean, we only have to consider n < —3 among the negative integers. Some easy
algebra shows that the inequality M _,(u, v) > v is equivalent to the inequality

1/(n—2)
M) <(5)

and this follows from u/v>1 and the result already established that M,_, is an
average. The inequality M,(u,v) <u for n negative is proved similarly. Various
generalizations of the M, are discussed in [2].

When n = —1 in (1) this method seems incapable of giving an evaluation of the
integral (1) that does not depend on dealing with limits because of a lack of a suitable
elementary definition of the logarithm. Below we make it work by giving a new
definition of the logarithm. We note first that the usual tactic in this situation is to
define the logarithm by setting

L(x) = /1"%dt. (6)

The functional equation of the logarithm, L(xy)= L(x)+ L(y), is then obtained
from this definition (see [3], p. 93, problems 3 and 4), and this functional equation is
easily transformed into Cauchy’s functional equation, f(x +y)=/f(x)+f(y), by
introducing f(x) = L(a*), a > 1. From (6) the continuity of L follows as does the fact
that the monotone function L takes on every real value exactly once. From the form
of the continuous solutions of Cauchy’s functional equation (f(x) = cx) it follows that
L(x) =log, x, where e is defined by L(e) = 1.

We suggest another method of attack: We note that L defined by (6) must satisfy
the inequality

o1 _ L(u) —L(v) -1
u < w0 <v (7)
for all positive u and v, v <u. We assert that this inequality defines the logarithm up
to an additive constant. With the added condition L(1) =0, we make this our
definition of the logarithm. The unique solution of (7) is then L(x) = log, x (with e
now defined as usual).

We give two proofs of this. Our first proof depends on the calculus and runs as
follows (we omit the details): We show in succession that any solution of (7) is
necessarily strictly increasing, continuous, differentiable, and satisfies L'(x) =x"L
The assertion now follows. For a similar elementary definition of the exponential
function, see [4], part (a).

The following treatment of (7) is more in the spirit of this paper and depends only
on the existence of the integral. Let n = —1 in (1) and (2) and let u, in the Riemann

sum be defined by

u-l= L(x;) —L(x;_y)
i X; =% ’

where L is any solution of (7). By (7) x,_; <u,; <x,, and the value of the Riemann
sum is L(b) — L(a). It follows as before that

L(b)—L(a)=Lb%dt.
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Thus any solution of (7) together with L(1) = 0 is necessarily given by (6).
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A Note on Cauchy Sequences

JOSE A. FACENDA AGUIRRE'

Universidad de Sevilla
41080 Sevilla, Spain

In undergraduate courses we teach that a sequence of real numbers converges if, and
only if, it is a Cauchy sequence. Usually, the students have no problems with the
necessary condition. Our aim in this note is to clarify the sufficient condition with the
use of pairs of monotone sequences. The notation is standard; we follow [1].

First of all, we recall the notion of pairs of monotone sequences:

Let {a,),cn and {b,},cn be sequences of real numbers. We say that
({a}nen s {Bu)nen) is a pair of monotone sequences if:

(1) {a,}, < n is nondecreasing and {b,}, c 5 is nonincreasing, and

@) a,<b, YneN.

Plainly, a, <b,, for all p,q €N so there exist a =sup{a,:n EN}ER and b=
inf(b,: n€N} €R, and a <b.
When can we assure that a = b? If the following condition is fulfilled:

Ve>03keN suchthat b, —a; <&, a=b. (*)

We recall the definition of limit superior and limit inferior of a bounded sequence
of real numbers. Let {x,}, cy € R be a bounded sequence. For each n € N define

yr=inf{x,: n >k} and z,=sup{x,:n=k}.

Let y =lim; ., y; = suply;: k €N} and z =lim, ., z; = inf{z;: k € N}. The num-
bers y,z € R are called the limit inferior of {x,},cn and the limit superior of
{x,}, < respectively. (Note that ({y,}, c v, {z,}, e ) is a pair of monotone sequences).
Furthermore, we recall that every Cauchy sequence is bounded and a sequence of
real numbers is convergent if, and only if, the limits superior and inferior exist in R
and are equal.

With these remarks, we are ready. Suppose that {x,}, c y € R is a Cauchy sequence.
Since {x,}, <y is bounded, y =liminf x, € R, z =limsup x, €R. To show {x,}, c
converges, we only have to prove that y =z.

We know that

Ve>03keN suchthatVm,n>k, |x,—x,/<e.

1Supported by D.G.L.C.Y.T., grant no. PB 93-0926.
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Hence,
Ve>03keN such that sup{|x,, —x,|: m,n >k} <e.
Now then
sup{lx,, —x,l: m,n >k} =sup{x,, —x,: m,n >k}
=sup{x,: m>k} —inf{x,: n >k}
=2 7 Yk
Clearly,

Ve>03keN suchthat z; —y, <e.

Because the pair of monotone sequences ({ ¢} ,cn > { 2} nen ) fulfills the condition

(*), we can assure that y =z and so, the sequence {x,}, <y is convergent.

In the case when {x,}, cy is a sequence of complex numbers, x, =a, +ib,, we

apply the result to the sequences of real numbers {a,}, .y and {b,}, c -

Acknowledgement. The author would like to thank the referees for their suggestions.
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Bell’s Conjecture*

For math, the Oscar envelope
(Assured by Price and Waterhouse)
Would list a three-way tie, I'd hope:
Archimedes, Newton, Gauss.

fine

Archimedes’ modern mind
(Narrowly he bounded pi)
Impelled to seek and swift to find,
Defined the Hellenistic high.

Newton’s fluxions formed the frame
That fit the Universal Law.

Even Leibniz spread his fame:

“We know the Lion by his claw.”

Many Magi graced the scene

But Gauss was greater than all since.

If Number Theory is the Queen,

Carl Friedrich is its freshest Prince.
D.C.

—]J. D. MEmory

Univegsity oF NoRTH CAROLINA
CuareL Hi, NC 275515-2688

*E. T. Bell, Men of Mathematics, New York, 1965.
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Condensing a Slowly Convergent Series
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The condensation test for convergence says that, for any monotone decreasing
positive sequence (a,), ., the convergence of the corresponding series ¥, a, is
equivalent to the convergence of the condensed series ¥,2"a,.. This test (sometimes
called Cauchy’s condensation test) used to be known to every undergraduate, but has
lately rather fallen out of fashion. Probably the best account of the condensation test
and its numerous generalizations and refinements is still the classic book by Konrad
Knopp [3], now republished by Dover. There is also a good treatment in [2].

We can establish that the condensation test works by the following argument.
Define 1(1) =1(2) =1 and I(n) =k for 27! <n < 2% k> 1. We can regard I(n) as
the integer ceiling of log, n. By hypothesis, a,+ < a, < ayi-1 for all the 25~ ! values of
n for which I(n) = k. This means that

1
auty Y 2%ag=2a, + Y. 2%a < Y a, <a, + Y 2%an
k k n k

whence ¥, a, and ¥ ,2"a,. converge or diverge together, as asserted.

The test condenses the series by dividing it into chunks, the nth chunk consisting of
2" terms, and because the terms of the series are decreasing, the test need consider
only one representative from each chunk to establish convergence.

Here is an example of the use of the condensation test. If a,=1/n then
2"ay.=2"-(1/2") =1 for all n. Since we know that X,1 diverges, the condensation
test tells us that ¥,1/n diverges. Repeated use of the condensation test tells us that

1 1 1 L
Lo L n-l(n)’ ; n-1(n)-1(1(n))’ %: n-l(n)-1(1(n))-1(1(1(n))) e

n n

all diverge. Similarly, if a, =1/n® then 2"a,. =2"-(1/2")* =27". Since we know
that X, 27" converges, repeated use of the condensation test tells us that

1 1 1
Lo LT vl e
1
L a0 T

all converge.
This makes it natural to consider the limiting case ¥,b, where

1

"=n-17(n)

and we define 7(1) =1, w(n) =1(n)- w(I(n)) for n > 1, so that for example bgss35 =
1,/(65536-16-4-2). We assert that the sequence (b,) shrinks to zero more slowly than
do the terms in any of the convergent series given above, but more rapidly than those
in any of the corresponding divergent series. For example, it is clear that
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I(n)-1(U(n))/7(n) = 1/7w(1(I(n))) = 0 with n, and similarly I(n)-[I(I(n)]*/7(n) =
I((n))/w(U(I(n))) =  with n provided we can show n/m(n)— . This can be
shown by induction using the fact that 2" /7(2") =[2" /n*][n/7(n)].

Given our results so far, it is natural to ask whether ¥ b, converges or diverges.
The condensation test appears to give no help, since 2"by. = 1/7(2") = 1/(n- m(n))
=b,, so the series is transformed into itself. But we shall see that by using a
refinement of the condensation test we can determine not only that the series
converges, but that it does so sufficiently rapidly for us to get a tight estimate of the
limit using a geometric series.

To prove convergence of ¥, b, we argue as follows. Let ¢, be the sum of the first
2" terms, so that ¢, =b; + --+ +b,.. It is clear from the definition of b, that

Ch—Ch_1 = [ 1 + 1 + o+ —l-]b
e B e AR ) 2m

Now divide the interval [1,2] into 2"~! equal parts and consider the corresponding

upper and lower Riemann sums for L = [?1/xdx = log, 2 = 0.693147.... . This shows

that

2.dx 1 1 1
— | == +— + 4+ =] =0.
1 X 2" l+1 2" l4 9 2

Consequently ¢, — ¢, _; < Lb,, and summing this over a range of n gives
Con—¢; <Lby+ ++ +Lby. =Lc, — L < Leys — L,
whence ¢y < (1.5 — L) /(1 — L) < 3 for all n, which establishes convergence of =, b,.

To obtain a closer bound on the value of this sum, argue as follows. From the
Riemann estimate above we have (dividing through by n- a(n))

2 L _
n-m(n) ~ n-mw(n)

b n—1 +b n—1 + e +b n 20
2 +1 2 +2 2

ie.,

byn>Lb, — (¢, —c,_,)=0.

n

Choose n,, and set n; = 2", n,=2™, etc. Summing the previous inequality from
n=n;+1 to ny and noting that b,.+1 < 3b,. gives

1
Ebnz + '}Ibnz + ébnz = Lbnl+1 + Lbnl+2 + +Lb:12 + (Cn2 - Cnl+1) = O’
so we have
bng = L(Cnl - Cno) - (0112 - Cnl) > 0.
Similarly,

b,,3 > L(an — cnl) - (cn3 - an) >0,
b, 2L(c, —¢,)—(¢,,—¢,) 20,
and so on. Successively multiplying by L and adding the next inequality gives the
following sequence of inequalities
b, >L(c, —c,) — (¢o,—¢,) 20,

b113 + Lbn2 = L2(Cnl _Cno) - (6113 —-C ) = 0’

ng
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b, +Lb, +1?b, >I’(¢c, —¢,)—(c,,—¢,) =0,

and so on. Summing these and noting that 1 + L + I* + -+ = 1/(1 — L) gives
b, +b, +b, + - L
ngy ng ng
1-1 z1_L(c,,l—c,,0)—(%‘,bn—cnl)zo,
whence

2 bng Cnl_Lcno
(1+n—3)-1_L > T —%‘,bnzo.

So, for example, setting n, =4 so that n, = 65536 gives the value of the sum of
r.b, =2.403448... with an accuracy of over six decimal places. The same methods
can also be used to evaluate the convergent series introduced earlier, for example

1 1
1644934, ;Y ——
L PO

1
§ n-l(n)-[1(1(n))]*

If further places are required for £, b, (so that we need accurate values for ¢y, cgy,
etc.) then we can estimate ¢, , — ¢, to within 272" as follows. Recall that

=1.910214...;

=2.068641...

1 1 1
Ch,—Ch1 = [2n—1 +1 + 2n—l 49 + et F:Ibn

By using Simpson’s rule

1 4 2 4 4 1
3L= + + + +o o+ 2
[2"-1 2" T +1 2 T2 2 43 27-1" 2 ]
- +4[ LN S +i]
T TS B T 2"
L T
27241 2 P42 2 1] 2"
to within order 27%", so we derive the recurrence relation
bn Cn1 " Cn—o —n
Cn_cn—1='Z T+3L—2

to the order 27%"n"". For example, if we require the value of ¥ ,b, to 12 decimal
places, we can calculate ¢, ¢, directly, then use the recurrence relations to calculate
C5 = 0.000722028313.. . , then use the previous estimate with n, =35 to give the
value of the sum to the required accuracy.

It is worth noting that partitioning the series £1/n? into chunks according to the
rule n, =2n,, ny,=2n,, etc. and summing each of the individual chunks also
produces an (approximately) geometrically decreasing sequence of chunk sums. The
condensation test corresponds to exponential increase in chunk length. The series ©b,
considered here requires more drastic (i.e. super exponential) growth of chunk lengths
in order to obtain a sustainable geometric rate of decay for the sequence of chunk
sums. This is a slightly counter-intuitive form of the general observation that the more
slowly convergent the series, the higher the order of condensation required to reduce
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it to the geometric case, and is the basis of some of the results in the analysis of
Tsierelsen spaces (see [1]).

The fact that 2 <e (so that L < 1) is vital to convergence. If we define [,(n) to be
the integer ceiling of log, n and m(n)=1,(n)- m,(I,(n)) then methods similar to
those used earlier show that X [n-m(n)]™! converges if, and only if, a <e. The
gentle reader is invited to set a = e and modify the denominator so as to find a series
that requires an even higher order of condensation to establish convergence.
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On Characterizations of the Gamma Function

YUAN-YUAN SHEN
Tunghai University
Taichung, Taiwan 40704

1. Introduction It is well known that the gamma function I'(x) >0 on (0,%)
satisfies the functional equation I'(x 4+ 1) =xI'(x) and the initial condition I'(1) = 1.
However, these two properties do not characterize the gamma function. Rather
surprisingly, the additional assumption of the convexity of log I'(x) is sufficient for a
characterization, a fact discovered by Bohr and Mollerup [1]. For a proof, see Artin’s
book [4, 5] or Rudin’s book [6], or the last section of this paper. Note that the initial
condition in the characterization is not essential, for if f is a positive function on (0, %)
such that f(x + 1) = xf(x) then g(x) =f(1)"'f(x) is a positive function that satisfies
the same functional equation and g(1) = 1.

A second characterization formulated and proved by Laugwitz and Rodewald [2]
says that the convexity of log I'(x) can be replaced by the property, call it property
(L), that the function L(x) =log I'(x + 1) satisfies

L(n+x)=L(n) +xlog(n+1)+r,(x), wherer,(x)—>0asn—>o. (L)

However, they did not show how this property is related to the convexity of log I'(x).
The original idea of the second characterization goes back to Euler [3].

In the present paper we give a third characterization of the gamma function and
then show how these three characterizations are related.

2. A third characterization In property (L), the use of logarithms is not essential
and without logarithms the expression on the right-hand side becomes a product
instead of a sum. We might therefore expect that a modified property (L) will give us
a characterization that is closer to the product expression of the gamma function. With
this in mind, we modify property (L) as follows: The gamma function satisfies the
following property

I'(x+n) =T(n)n*t,(x), wheret,(x)—>1asn—x,
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THEOREM 1. There exists a unique function f(x) >0 on (0,%) that satisfies the
following three properties:
@ fM=1
(b) f(x+ 1) =xf(x);
©) f(x +n) =f(n)n*t,(x), where t,(x) = 1 as n — .
DEFINITION. For each positive integer n, we define the function T, on (0,%) by

n*n!

L(x) = x(x+1)-(x+n)’

x>0.

LEMMA. The sequence (T,(x)) of functions on (0,%) converges for any x > 0.

Proof. Taking logarithms, we have

logl(x) =xlogn+ Y logk—logx— ) log(x+k)
k=1 k=1

xlogn —logx — i log(1+—z-)

—logx—x[ké % logn |+ Z [ ~ log 1+k)]

= —log x —xvy, +¢,(x),

where v, =X7_, ¢ —logn, and ¢,(x) =Xj_,[5 —log(1 + §)]. It is well known that
(7,) converges to Euler’s constant y=0.577.... Also, the sequence (c,(x)) con-
verges, since for k >x > 0,

=Y i+1 : 9
_x - ) x\ o«
0< k 10g(1+ )—z— g (F) S"—zkz.
Thus, the sequence (log I',(x)) converges and hence so does the sequence (I,(x)) for

x > 0. This completes the proof of the lemma.

Remark. In fact, the limit function of the above sequence is the product expression
of the gamma function (see [4, 5]). Therefore we have
n*n!
I'(x)= nh_r& TGF D (s ) for x > 0. (1)
Proof of Theorem 1. First we prove that I'(x) in (1) satisfies (a)—(c).
(a) I'(1) = 1, since

n'n! n
r@ = n—>00 1(1+ 1) (1+n) ,,h_I,I; 1+n =1

(b) T satisfies the functional equation, since

I _ i n**ln!
(x+1)= e (x+1)(x+2)-(x+1+n)

— lim nx i n*n!
o x+tIl+n x(x+1) - (x+n)

=xI(x).
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As a consequence of these two properties, we get I'(n) = (n — D).
(0) Let 5,(x) =T(x)/T,(x). Then I'(x) =T, (x)s,(x), and lim, _, ,, 5,(x) = 1.
For natural n and real x >0, we apply (b) n times to get

C(x+n)={(x+n—1)(x+1)x]-T(x)

_(xt+n)-(x+1)x n*n! s ()
x+n x(x+ 1) (x+n) Sl

=n'T(n)t,(x),
where t,(x) =(n/(x +n))-s,(x). Thus, I'(x +n) =n*T(n)t,(x) and ¢,(x) =1 as

n — o,

To show uniqueness, we assume f(x) is a function that satisfies (a)-(c). From
properties (a) and (b), we have

f(n)=(n—-1)4 (2)
flx+n)=(x+n—-1)(x+n—2)(x+1)xf(x). (3)
Combining (3), property (c), and (2) together, we have

1) = o =y () =T 5,(2),

where s,(x) = (x + n)/n)t,(x) = 1 as n — . Therefore f(x) =I'(x) and hence f is
uniquely determined. This completes the proof of the third characterization of the
gamma function.

3. How are these characterizations related? To simplify our discussion, we
adopt the following terminology.

DEFINITION. By a PG function ( pre-gamma function), we mean a positive function
f on (0,) that satisfies the functional equation f(x + 1) = xf(x).

Remark. For a PG function f, we may assume f(1) = 1, since if g is a PG function
then f(x)=g(1)"'g(x) is also a PG function such that f(1)=1. Now we can
rephrase what we have so far on characterizations of the gamma function.

CHARACTERIZATIONS. If fis a PG function such that

(©) log fis convex on (0, ),
(L) L(n+x)=L(n) +xlog(n+1) +r,(x),

where L(x) =log f(x + 1) and r,(x) = 0 as n > », or

(P) fn+x) =f(n)n"t,(x),
where t,(x) = 1 as n = ©, then f(x) = cI'(x), for some constant c.

Remarks. (a) 1t is easy to see that the constant ¢ in each characterization is simply
f(1). In other words, any PG function f with f(1) =1 that satisfies either (C) or (L) or
(P) must be the gamma function.

(b) In the previous section we showed that (P) characterizes the gamma function.
Therefore it suffices to show that properties (C), (L), and (P) are equivalent to one
another for a PG function. To do this, we need three basic facts about convex
functions (see [4, 5]).
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(1) If f is convex on (a,b) and if x <y, x, y € (a, D), then

[(x) =f(e) _ f(y) =f(e)

X—c - Yy —

for any c € (a, b).

(2) The limit function of a convergent sequence of convex functions is convex.

(3) Let g be a twice-differentiable function on (a,b). Then g is convex on (a, b) if,
and only if, g"(x) >0 for all x € (a, b).

THEOREM 2. For a PG function f, the properties (C), (L), and (P) are equivalent.
Proof. (a) (P) < (L). We have
(x) |
o f(x+ (04 1)) =f(n+ 1)+ 1) 1(1), by () = 1
<log f((x+n)+1)=log f(n+1) +xlog(n+1) +logt,, (x),t,,,(x)>1
< L(x+n)=L(n) +xlog(n+1)+r,(x),r,(x)—>0
e (L).
(b) (CO)=(P). Let m<x<m+1, where m=0,1,2.... For any natural n,

n+m—1<n+m<n+x<n+m+ 1 The convexity of log f and (1) above give us
(we write L,, =log f(n +m))

L,—L,_, log f(n +x) —log f(n +m) L,.,—L,
n+m—(n+m—l)S (n+x)—(n+m) S(n+m+l)—(n+1n)

@(x—m)log(n+m—l)Slog(}f(%—_{%))—)s(x—m)log(n+m)

s(n+m-1)"" f(ntx) <(n+m)" "

(n+m— 1)(n+m—2) - nf(n)

oo <t (2,

where

Therefore, we have

f(n+x)
o F e T

by the squeezing theorem. If we let

then
f(n+x) =f(n)n"t,(x),

where t,(x) = 1 as n — . This proves that f satisfies (P).
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(c) (P) = (C). From the uniqueness part of the proof of Theorem 1 we have
f(x) =f(1) lim T,(x).
By (2) above, it suffices to show that log I',(x) is convex. Now

" 1 l 1
log T = — e —
(log I.(x)) x? (x+1)2 (3c+n)2

By (3) above, log I,(x) is convex and so is log f. This completes the proof.

>0.
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1479. Proposed by Donald E. Knuth, Stanford University, Stanford, California.

Let m, be the maximum value of the quantity

X Xg X

n

5+ s+t ——
(IT+x, +ay+ o +x,) (L+a,+ o +x,) (I+x,)

over all nonnegative real numbers (x,,..., x,). At what point(s) does the maximum

occur? Express m,, in terms of m,_,, and find lim,, _,,, m,,.

1480. Proposed by Ron Rietz and John Holte, Gustavus Adolphus College, St. Peter,
Minnesota.

Prove that
n i) i k on+j
I EDIRD MU SRR, y i
. . . i=1 1—1"j
i,=0 iy=0 ip=0 J=

forr+ +1,k=1,2,3,..., and n=0,1,2,....

ASSISTANT EDITORS: CLIFTON CORzAT, BRUCE HANSON, RiCHARD KLEBER, Kay SMITH, and
THEODORE VESSEY, St. Olaf College and MaRK KRUSEMEYER, Carleton College. We invite readers to submit
problems believed to be new and appealing to students and teachers of advanced undergraduate mathemat-
ics. Proposals should be accompanied by solutions, if at all possible, and by any other information that will
assist the editors and referees. A Problem submitted as a Quickie should have an unexpected succinct
solution. An asterisk (*) next to a problem number indicates that neither the proposer nor the editors
supplied a solution.

Solutions should be written in a style appropriate for Mathematics Magazine. Each solution should begin
on a separate sheet containing the solver’s name and full address.

Solutions and new proposals should be sent to George T. Gilbert, Problems Editor-Elect, Department of
Mathematics, Box 32903, Texas Christian University, Fort Worth, TX 76129 or mailed electronically to
g.gilbert@tcu.edu. Electronic submission of TeX input files is acceptable. Readers who use e-mail should
also provide an e-mail address.
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1481. Proposed by Murray S. Klamkin, University of Alberta, Edmonton, Alberta,
Canada.

It is known that if a point moves on a straight line with constant acceleration and
81,89, 83 are its positions at time ¢, ¢,, ¢5, respectively, then the constant acceleration
is given by

(s2=83)t1 + (55 =)o+ (51— $5)15
(ty =) (£ —t3) (ts — £1)
Show that this property characterizes uniformly accelerated motion; that is, if a

particle moves on a straight line and s,, s,, s are its positions at any times t,, t,, t;,
respectively, then if

(sa=s3)ti + (s3=s)ta+ (51— 55)t5
(1 —ta) (L2 —t3) (85 — )
the motion is one of constant acceleration.
1482. Proposed by C. F. Eaton, Pepperell, Massachusetts.

Show that all even perfect numbers, P > 6, are of the form P =1+ 9T,,
is a triangular number of the form T, =n(n + 1)/2,n =8j + 2.

= constant,

where T,

1483. Proposed by Alexandru Teodorescu-Frumosu, student, Boston University,
Boston, Massachusetts.

Let ABC be an arbitrary triangle, and let a,b,c, be the lengths of the sides
BC, AC, AB, respectively. Let M be the midpoint of the segment BC, let o=
£ BAM, B= £ CAM and x = £ AMB. Show that

b acos x

sina sin(ae—B)

Quickies

Answers to the Quickies are on page 318.

Q838. Proposed by Ismor Fischer, University of Wisconsin, Madison, Wisconsin.
Let O and P be fixed points in the plane, and ABCD an arbitrary parallelogram

centered at O. Let CM and DN bisect PA and PB, respectively, and call their point of

intersection Q (see figure).

Show that points O, P, and Q are collinear, and that the location of Q on OP is fixed,

independent of parallelogram ABCD.
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Q839. Proposed by |. C. Binz, University of Bern, Switzerland.

Let Z, be the field of integers modulo a prime number p. Given ay,a, €Z, and
r+s =1, the recurrence a, =ra,_, +sa,_,, n > 2, defines a periodic sequence (a,)
with period of length L < p2 — 1. Show that, in fact, L <p.

Q840. Proposed by Murray S. Klamkin, University of Alberta, Edmonton, Alberta,
Canada.

If A|A,A A, is a plane cyclic quadrilateral and H, is the orthocenter of triangle
A A A where A, =A, for i =1,2,3,4, prove that

(i) Area( A; A, A3 A,) = Area(H H,H H,), and

(ii) the lines A H,, A, H,, A;H,, A,H, are concurrent.

Solutions

Names drawn from a hat October 1994

1454. Proposed by Barry Cipra, Northfield, Minnesota.

Suppose n people put their names in a hat (on slips of paper), and the names are
redistributed at random (using the uniform probability distribution on the space of
permutations). Those who receive their own name drop out, while the rest repeat the
procedure. On average, how many rounds will it take until all have gotten their own
name back?

L. Solution by Michael Reid, student, University of California Berkeley, Berkeley,
California.

On average, it will take n rounds.

Note that the probability that the first person doesn’t receive his own name during
the first k rounds is < ((n — 1/n))¥. Thus the probability that this process lasts more
than k rounds, which is the probability that some person doesn’t receive his own
name during the first k rounds, is <n((n — 1/n))*. From this, it is easy to see that
this process terminates with probability 1, and that the expected number of rounds
exists and is finite.

LEMMA. The expected number of people who receive their own names in any round
is 1.

Proof. This expected value is just

Y. (probability that the ith person receives his own name) = % =1

i=1 i

PROPOSITION. The expected number of rounds is n.

i-

Proof. We'll prove this by induction on n. This is immediate for n =0 and n = 1.
Now suppose that it holds for all n <m. Let E; denote the expected number of
rounds for k people, and let p, denote the probability that i out of m people receive
their own names. Then we have

Em =1 +p0Em +p1Em—l + o +me0’
or,

(1=po)E,=1+pE,_y +p,E,_, + - +p,E,.


http://www.jstor.org/page/info/about/policies/terms.jsp

VOL. 68, NO. 4, OCTOBER 1995 309

From the induction hypothesis, this becomes
(1 _pO)Em =1 +pl(7n - 1) +p2(m - 2) + o +pm(m _Tn)

=1 +m(P1 +P2+ +pm) _(pl +2P2+ +mpm)
=1+m(1_p0) _(p1+2P2+ +mpm)'

From the Lemma, we have p, +2p, + -+ +mp,, = 1, so the above becomes

(1 _pO)Em =m(1 _PO)'
Since 1 —p, # 0, we have E,, =m, as desired.

II. Solution by Jerrold W. Grossman, Oakland University, Rochester, Michigan.

Let x, be the expected number of rounds until all people have received their own
names. We claim that x, =n and prove this by induction on n, the result being trivial
for n=0. ’

The expected length of the game with n players is the weighted average, over all
outcomes of the first round that leave i players still in the game, of 1 +x;. Let g, be
the number of ways to leave i players (that is, g, is the number of permutations of n
objects that fix n —i of them). Then we have

n

Z %(1—'—*1) =xn'

i=0

The claim therefore follows from the inductive hypothesis once we prove the identity
n
Y q.(1+i)=n-nl
i=0

Both sides count the number of ways to choose a permutation 7 of {1,2,...,n} and
optionally single out a particular nonfixed point of 7. Indeed, the left side counts this
by focusing on the number of fixed points. The right side equals n!+ n(n — 1)(n — D!
There are n! ways to specify a permutation and choose not to distinguish a nonfixed
point, and there are n(n —1)(n — 1)! ways to select a nonfixed point k, choose
m(k) # k, and then select 7 (j) for all j # k.

Also solved by Robert A. Agnew, D. M. Bloom, Michael H. Andreoli, David Callan, Con Amore
Problem Group (two solutions, Denmark), Curtis Cooper, Robert L. Doucette, Peter Flusser, Herbert
Gintis, Richard Holzsager, Barthel Wayne Huff, R. Daniel Hurwitz, Kee-Wai Lau (Hong Kong), Robert
A. Leslie, O. P. Lossers (The Netherlands), Rick Mabry, F. C. Rembis, Gordon Rice, Wolfgang Rolke (two
solutions, Puerto Rico), Gregg Rosenkranz (student), Nicholas C. Singer, Paul K. Stockmeyer, Frank
Thorne, Michael Vowe (two solutions, Switzerland), Dennis Walsh, WMC Problems Group, Homer White,
David Zhu, and the proposer. There was one incomplete solution.

Equilateral triangles in a hexagon October 1994

1455. Proposed by Jiro Fukuta, Gifu-ken, Japan.

In a hexagon, A A, A; A, A;A¢ inscribed in a circle with center O, let M,,
i=1,2,...,6, be the midpoints of the sides A;A,,,, where A;=A,. Prove that if
AM,M;M; and AM,M,M; are equilateral, AA; A;A; and AA, A, Ag are also
equilateral.

Solution by Ted Zerger, Kansas Wesleyan University, Salina, Kansas.
The condition that the hexagon be cyclic is unnecessary.
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Let the A;’s and M,’s be represented by complex numbers.
Since M, = (A, +A,,,)/2, it follows that
M +My+My=5(A + A, + A+ A+ As+ Ag)
and
My+M,+Mg=5(A +A, + A+ A, + A+ Ag),
and therefore (M, + M, + M) = (M, + M, + Mg). Thus, AM,M;M; and
AM,M, Mg have the same centroid, and, since the triangles are equilateral, their
circumcircles are concentric.
The symmetry of the figure implies that |M, —M,| =M, — M;| = Mg — M;]|.
Moreover, |M, — M,| = 3|A; — A, | (see figure).
In the same way, |M,—M,|=3|A;—A;|l and |Mg— M| =3|A;—A;l. Thus
|A; — Al = |A; — A;l = |A; — A)l, and AA A;A; is equilateral. Similarly,
A A, A, Aq is equilateral.

Also solved by Con Amore Problem Group (Denmark), Hans Kappus (Switzerland), Murray Klamkin
(Canada), O. P. Lossers (The Netherlands), Michael Reid (student), Szabé Szila’rd (Hungary), Robert L.
Young, David Zhu, and the proposer.

Klamkin generalized the result to an arbitrary 2n-gon in the plane. Several correspondents noted that
the labels must be placed consecutively in a clockwise or counterclockwise manner.

Recurrence in which positivity implies uniqueness October 1994

1456. Proposed by Howard Morris, Chatsworth, California.
Show that the only sequence of numbers () that satisfies the conditions

(i) a,>0foralli>1, and
" i+l )
(ii) a,_, = @ T forall i >0,

is the sequence a, =1 for all i.

I. Solution by O. P. Lossers, Technical University Eindhoven, Eindhoven, The
Netherlands.
A straightforward calculation shows that

ai_l_ i+1 ai—l_l ,
ai+l_(i—1)(ai_1+l) forall i > 1.
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Hence for all a, except a; = 1, there exists an i such that |a; — 1| > |e; + 1|, which
is equivalent to R(e;) <O0.

II. Solution by David Zhu, Jet Propulsion Laboratory, Pasadena, California.
It is clear that if @, =1 for some i >0, then «; =1 for all i.
From (ii) we find that

ia;_; — 1
-1 ;
;= — , fori>1.
i— o

a. Suppose that «;_, <1 for some i > 1. Then

2

_ — 2
-’y 11—,

a"“l_a"=i—ai_1 > ; >0,
and similarly,
—a?
ooy > TF I >0,
1—af,

Thus, for all k> i,

1—(;\:1.2_1 l—azi2 l—az,?_1
ak<ai—1_ ; — ; i _...___k___
1 1 1
2 _ e
<ai_l—(1 ai‘l)(i+i 1+' +k)'

It follows that for large k, o, <0, which contradicts (i).
b. Suppose that «; > 1 for all i >0. Let B, =1/a,. Then

_ iB_;—1
Bi_ i_Bz‘—l ’

fori>1,

and the same argument as in (a) shows that B, <0 for sufficiently large &,
a contradiction.
We must conclude that «; =1 for all 1.

III. Murray S. Klamkin, University of Alberta, Edmpnton, Alberta, Canada.
If we let a, =x, + 1, (ii) becomes

n+1 _n— 1

Xn Xpn-1

= -1

Then, with x, = n(n + 1)F,, we get the telescoping difference equation

1 1
F-F, "
Hence,
F= 2F,
" 2—=(n+2)(n—-1)F"
and thus
N 2+ (n*+n+2)F

" 2—(n®+n-2)F
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Since 2F, = a; — 1, (i) implies that F; > —1/2. Since a,, is positive for n =2,3,.. .,
it must be the case that F, =0, or equivalently, a, =1 for n=1,2,... . Finally, from
(i), with i = 1, we get a,=1.

Also solved by Sinefakopoulos Achilleas (Greece), Michael H. Andreoli, Michael Bertrand, ]. C. Binz
(Switzerland), Martin Burger (student, Austria), David Callan, D. K. Cohoon, Con Amore Probiem
Group (Denmark), Paul Deiermann, Robert L. Doucette, Mathew Foss, Herbert Gintis, Joe Howard,
Pavlos B. Konstadinidis (student), Kee-Wai Lau (Hong Kong), Detlef Laugwitz (two solutions, Germany),
Henry S. Lieberman, David E. Manes, Beatriz Margolis (France), Hugh McGuire (student), Kandasamy
Muthuvel, Jeremy Ottenstein (Israel), Michael Reid, F. C. Rembis, Michael Rierson (student), Robert
Schneck (student), Heinz-Jiirgen Seiffert (Germany), Nicholas C. Singer, Allan Swett, Michael Vowe
(Switzerland), WMC Problems Group, Yan-Loi Wong (Singapore), Yongzhi Yang, Paul J. Zwier, and the
proposer.

Cohoon generalized the result to the recursion a;_; =(c;a;+1)/(a; +c;), where the c; satisfy
1 <¢; < ki for some constant k. Lossers solution extends to this case with only superficial changes.

The center of a sliced pizza October 1994

1457. Proposed by Larry Carter, IBM Watson Research Center, Yorktown Heights,
New York, John Duncan, University of Arkansas, Fayetteville, Arkansas, and Stan
Wagon, Macalester College, St. Paul, Minnesota.

a. For a point P inside a circle draw three chords through P making six 60° angles
at P and form two regions by coloring the six “pizza slices” alternately black and
white. Prove that the region containing the center has the larger area”

b®. Prove that if five chords make ten 36° angles at P, then the region containing
the center has the lesser area.

Solution by Paul Deiermann and Rick Mabry, Louisiana State University in Shreve-
port, Shreveport, Louisiana.

a. Our pizza is the unit disk. Without loss of generality, let P have polar coordinates
(r, 0), with 0 < 0 < 7/3, and let one of the cuts be parallel to the x-axis. (Any other
configuration can be rotated into one like this.) We prove the result by showing that
the region containing the origin, call it (|| (the shaded region in FIGURE 1),
comprises no less than half the area of the pizza. (We will not always explicitly
distinguish regions from their areas, it being clear from the context.) Let P* denote
the intersection of the x-axis with the cut in the direction of 7/3. Now take a fresh
pizza and make cuts parallel to those on the first, but through P*. Then #(=), the
region on the second pizza corresponding to Z(|]), is exactly one half of the pizza.
(“Pie over two,” see FIGURE 2.) If Z(||]) is bigger than or equal to %#(=), we're done.

L

\\\1\\

\\)

FIGURE 1 FIGURE 2
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Overlay the two pizzas, as in FIGURE 3. (This picture is the proof.) We disregard the
doubly shaded regions, since they occur in both pizzas, and compare what is left, the
two “strips,” ABCD and A’B’'C’'D’, minus their intersection. But the intersection,
being common to both, can be ignored and we are left comparing the filled strips.
These strips are of equal thickness, but ABCD is clearly the larger, since A’B'C'D’
sits at a greater distance from the center.

“\ I Z_—é

FIGURE 3

. b*. Begin the same way as above, but restrict P so that 0 < 6 < 7/5, and let P*
denote the intersection of the x-axis with the cut in the direction of 7/5. Form the
two pizzas and overlay them, as in FIGURE 4.

FIGURE 4

As above, the problem amounts to comparing the sum ABCD + EFGH of the areas
of the strips on the first pizza with the sum A’B'C'D’' + E'F'G'H’ of the areas of
the strips on the second. This comparison is no longer trivial, as in part a., for
although ABCD and A'B'C’'D’ have the same “width,” as EFGH and E'F'G'H’,
the “lengths” of these strips do not cooperate—ABCD is larger than A’B’'C’'D’ while
EFGH is smaller than E'F'G'H’.

To show that ABCD + EFGH <A’'B'C'D’' + E'F'G'H’, we need to find the area
of a strip, by which we mean the difference of two segments of the unit circle.
Consider a strip at perpendicular distance D from the center of the circle, and having
width W, as in FIGURE 5. Its area is easily found to be s(D) —s(D + W), where
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s(x) =cos '(x) —xV1 —x? is the area of the segment at distance x. (This is the
sector OPQ minus the triangle OPQ in FIGURE 6.)

FIGURE 5 FIGURE 6

Returning to FIGURE 4, let d denote the distance from P to P* and w the distance
from P* to the center, and let d; = d sin(7j/5) and w; =w sin(mj/5), for j=1,2. It
is easy to see that

ABCD =s(0) —s(d,), A'B'C'D' =s(w,) —s(d, +w,),
EFGH =s(w,) —s(d, +w,), E'F'G'H' =s(w,) —s(dy +w,),
and so (ABCD + EFGH) —(A'B'C'D’ + E'F'G'H') equals
s(0) +s(d; +wy) +s(dy +w)) —s(dy +wy) —s(w,;) —s(d;). (1)

Next we observe that s'(x) = —2V1 —x2, so we have, with the aid of the binomial
series expansion,

s(x) =5(0) + foxs’(t) dt

. x t2 t4 t6
=_2__./(.)(1_—2-_—8-_E+.“)dt (2)
77 A
_5—2x+?+'2—0+'5—6+...,

where the coefficients of all the odd powers beginning with x% are positive. Applying
this to the expression in (1), we see that the contributions of the constant term and the
x term cancel in the sum. If each of the remaining terms just happened to yield
non-positive contributions, we would be done. This is exactly what happens! Set
g =2cos(m/5)=1.681... (the golden ratio). Then we have d, =gd, and w, = gw,,
so that the contribution of x" in (2) to the expression in (1) is

(dy+wy)" +(dy +tw)" = (dytwy)" —wi —df
=(d, +gw1)n + (gd, +w1)" - (gd, _gwl)n —wi —df

n

= % () [Cea ot + )™ = (ad) (o)™ ] et -
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We're done if

gh+g"F—g"<0, foralln>3and0<k<n. (3)

In fact, for n =3 we have equality for k=1,2 (since the golden ratio satisfies
g?=g+1), and we proceed by induction. Assuming that (3) holds for some n >3
and whenever 0 <k <n, we let 0 <k <n + 1. Then for 0 <k <n

gk +gn+1—k _gn+l =g(gk—l +gn-—k _gn)
=g(gk +gn—k _gn) +gk _gk+1
Sgk_gk+l <0.
In the case that k =n, we get

gk +gn+1—k _gn+1 =gn +g_gn+l =g_gn—l SO,
completing the induction and establishing (3).
The pizza is done and dinner is served.

Part a also solved by Con Amore Problem Group (Denmark), Jiro Fukuta (Japan), Western Maryland
College Problem Group, and the proposers.

Bill James’ “Pythagorean Model” October 1994

1458. Proposed by Dave Trautman, The Citadel, Charleston, South Carolina.
Let (a))}_, and (b))}, be sequences of positive integers with X'_,a;, = L}, b,.
a. Evaluate

R

i
2. 52
/21 ai +b;

n
sup § .

b. Same as (a) under the additional restriction that for all i, A < (a,/b,) < B, where
A and B are fixed positive constants.

(Note: This problem has its genesis in the work of the baseball statistician Bill
James. James constructs what he calls the “Pythagorean Model,” which states that if a
team scores a runs in a season and gives up b runs in the same season, then its
winning percentage should be approximately a®/(a* + b?). The sum of the winning
percentages of n teams in a league is n/2. This problem explores how far off this
Pythagorean Model could be for the sum of the predicted winning percentages.)

Solution by the Con Amore Problem Group, Royal Danish School of Educational
Studies, Copenhagen, Denmark.
a. Our task is to find sup E where

e

2. 72
21 a; +b;

_n
2

. ai,bieN,i=l,2,...,n},

and N is the set of positive integers. The set E will not change if we allow the ¢;’s and
b;’s to be arbitrary rationals, for then there are x;, y;, D € N such that ¢; =x,/D and
b,=vy,/D, for i=1,2,...,n, and therefore a?/(a? + b?) = x%/
(x2 +y?2). So, redefine E as

n 0.2
E= -
{(z=21 ai2+bi2

-3 ai,bi€Q+,i=1,2,...,n},
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where Q7 is the set of positive rationals. Note that with the notation used above,
Liix=Xi,y if and onlyif, ¥} a, = X7 b,
Let a;,b,€Q",i=1,2,...,n, and put

i=1 i i i=1 %i i i=1 i=1 i
where
a.
ci=b—', i=12,...n. (1)
i
Of course, ¢, €Q", i=1,2,...,n. We now ask under what conditions
(cy,¢q,...,¢,) €(QT)" is such that there are a|, a,,...,a,,by,b,,...,b, €Q™ satis-
fying (1) and

Ya=2b. (2)

i=1 i=1

As far as (1) is concerned the b;’s may be chosen freely in Q* and the a;’s are then
determined as

i =cb;, i=1,2,...,n. (3)
This places some restrictions on the ¢;’s. But let us first note that we may have

c;,=1 i=1,2,...,n. (4)

1

Then (3) is satisfied however the b,’s are chosen.
There are two cases that we cannot have. One is that

¢, <1, i=1,2,...,n andnotall ¢,=1.

For in that case X7_,¢;b, < X/_, b, for all choices of b, b,,...,b, € Q™.
Similarly, we cannot have

¢ =1, i=1,2,...,n andnotall ¢;=1.
If these cases and (for the moment) (4) are excluded, there remains the case that

there exists ¢, j € {1,2,...,n} such that ¢, < land 1 < ¢ (5)

We show that in this case there are a,a,,...,a,,b,,by,...,b, € Q" such that (1)
and (2) are satisfied.
We may assume that the indexing of the ¢;’s is such that there are n, n, € N with

nyt+ny=n, c,cy,.... 0, <1, and Copy 41> Cny 425+ -+ Cp oy, = €y > 1. Now put
Cl+02+”'+cn, Cnl+1+cnl+2+ '”+Cn
=p and =q.
ny ny

Then
p<1l and 1<gq.
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Also, let

b. =

1

(q_l)/nl fori:l’z"“,nl
(1-p)/ny, fori=n;+1,n,+2,... n.

Then b,€Q™,i=1,2,...,n, and

= 51 +C2 t+ o +Cn Cni+1 +Cn,+2 + o +C"
¥ oy = [ (g -y e Ja-p)

i=1
=Mﬁ—1)+M1—P)=q—P=(ia—}h+(—;ﬂ)%
=b1 +b2 + o +bnl +bnl+l +bnl+2 + - +bn = Z bi'

Putting @, =¢,b;, i =1,2,...,n, (1) and (2) are satisfied.
It is now easy to see that

(11 .
E—{ig(g—m) cc,€QT,i=1,2,...nand

(ci=lf0ri=l,2,...n,or, for some i, j,¢; <1 and oj>l) .

Now if we choose ¢, very near 1, and ¢,,...,c, very big, we can get values of s

>7n

near as we please to 0+ (n —1)3, and no ‘admissible’ choice will produce an s
greater than this number. Therefore

n—1
supE=nT.

b. We are given positive numbers A and B with A < B and the extra condition that
A<c,<B,i=1,2,... . n.

We divide into three cases.

Case 1. 1 <A or B < 1. Then, neither (4) nor (5) can be satisfied, and E is the
empty set. In this case, it is sometimes said that sup E = — oo,

Case 2. A=1or B=1. Then (¢}, c,,...,c,) can only be (1,1,...,1), so E = {0},
and sup E = 0.

Case 3. A <1<B. Then, by choosing ¢, just below 1, and ¢,,...,c,, just below
B, we can make s as close as we please to

(n—l)(% - ﬁ%g‘),

and we cannot make s greater than this number. Thus

e ]

Also solved by Michael Golomb, F. C. Rembis, and the proposer.
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Answers

Solutions to the Quickies on page 307.

A838. We have |AM| = |[MP| and since the diagonals of any parallelogram bisect
each other, |[AO| = |OC|. Therefore CM and PO are medians of triangle APC,
intersecting in its centroid. Likewise, medians DN and PO intersect in the centroid of
triangle BPD. Thus PO is a fixed median common to both triangles, so that the two
centroids must coincide at point Q on PO, with |0Q| = 3|PO| independent
of ABCD.

A839. For n > 2 we have

-1
a,—a,_,=(r—1)a,_, +sa,_ o= —s(a,_, —a,_5) =" =(_S)n (a;—ay).

If a, = a, then (a,) is a constant sequence, and L =1 <p.

If a, #a, and s = —1, then a, =a,_, + (a; —a,) = a, + n(a; — ay). In this case
{ag, a,,. ..,ap_l} =Z,, a,=ay, a,,; =a;, and L=p.

Finally, if @, #a, and s # —1, then

a

n—1
a,=ay+ (ay—ag) X (_3)1="0+(
i=1

0 )(1- (=9)").

By Fermat’s Little Theorem, a,_, =a,, a,=a,+(a; —ay) =a;, and L<p — 1.

p—1 P
A840. A vector proof is particularly apt here since if A, is a vector from the
circumcenter of A, A; A;A, to the vertex A,, the orthocenter of A, A;,, A,,; is
given simply by H, =8 —A,, i=1,2,3,4, where S=A, + A, + A; + A, (note for
example that (H, —A,)-(A; —A,) =A% — A% =0). It follows that H H,H,H, is
congruent to A; A, A;A,, which establishes (i).

For (i), the lines H, A, are given by A, + A,(H;—A,), where A, are scalar

parameters. Letting A; = 1/2, the four lines are concurrent at the point given by S /2.
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PAUL J. CAMPBELL, editor
Beloit College

Assistant Editor: Eric S. Rosenthal, West Orange, NJ. Articles and books are selected for
this section to call attention to interesting mathematical exposition that occurs outside the

mainstream of mathematics literature. Readers are invited to suggest items for review to
the editors.

Macpherson, Kitta, Last theorem, first in heart of Princetonians, Newark Star-Ledger (17
May 1995) 1, 3. Cipra, Barry, Princeton mathematician looks back on Fermat proof, Science
268 (26 May 1995) 1133-1134. Faltings, Gerd, The proof of Fermat’s Last Theorem by R.
Taylor and A. Wiles, Notices of the AMS 42 (7) (July 1995) 743-746.

There’s nothing quite like the championship team coming back to play the season-ending
game at home. That’s what it must have been like for Andrew Wiles, now recognized as
having proved Fermat’s Last Theorem, when he spoke to the Princeton academic community
in May about his personal experiences attacking the problem since age 10. “You have to
have tremendous faith that you can do it, tremendous faith that you are right and you
have to never, ever give up.” (Is such advice always healthy for those who do not eventually
succeed?) Wiles’s proof occupies the entire May 1995 issue of Annals of Mathematics.

Nowak, Martin A., Robert M. May, and Karl Sigmund, The arithmetics of mutual help,
Scientific American (June 1995) 76-81. Lloyd, Alun L., Computing bouts of the Prisoner’s
Dilemma, 110-115.

“[HJow can reciprocal altruism work in the absence of [law and enforcement]?” Nowak et al.
expand on previous computer simulations of repeated Prisoner’s Dilemma by determining
the response for the next trial based on the outcome of the previous one in a stochastic
way. Dominant strategies include the well-known Tit-for-Tat and also Pavlov (“win-stay,
lose-shift”). When players are constrained to interact only with neighbors in a planar grid,
the long-term average proportion of cooperators is predictable; Lloyd gives a Basic program
that lets readers explore a version of this variation.

Macpherson, Kitta, The fruits of knowledge: Bell labs staff marvel at clone of Newton’s
“gravity tree,” Newark Star-Ledger (29 June 1995) 52.

How did the legend of Newton and the apple tree start? Newton never wrote about apple
trees. A tree at Bell Labs, descended from the genetic line (“the Pride of Kent”) of the tree
in Newton’s garden, has borne its first two small apples. It’s 3 ft high; “I don’t think you
could sit under it and think. But it will inspire people,” says Arno Penzias, Nobel laureate
and vice-president of Bell Labs. And the legend? A contemporary of Newton’s, William
Stukeley, while walking with the elderly Newton through an apple orchard, was told by
Newton that he was “in the ... same situation ... when ... the notion of gravitation came
into his mind. It was occasion’d by the fall of an apple, as he sat in a contemplative mood.”

319
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Gallian, Joseph A., The Duluth undergraduate research program in discrete mathematics,
Council on Undergraduate Research Quarterly (March 1995) 142-144.

Author Gallian has run a highly successful summer program of undergraduate research for
almost twenty years. Through 1994, the 56 participants (from 28 institutions) had published
39 papers written in the program, with 13 more accepted and 21 more submitted; 43 of
the 48 who had completed undergraduate work went to graduate school, 36 won graduate
fellowships, and 15 now have Ph.D.’s. “[C]arefully selected undergraduates ... have the
ability, the desire and the time [to do publishable research in mathematics]. They do
not know how to start or how to finish. To begin, they need problems and guidance.
To end, they need assistance with manuscript preparation and the publication process. In
between, they need encouragement and reassurance.” (Thanks to Anant Godbole, Michigan
Technological University.)

Penrose, Roger, Various puzzles based on Penrose tiles. Kites and Darts (plastic pieces
in five colors, in packages with equal numbers of each or in the ratio 5 Kites to 3 Darts);
Diamonds and Rhombi (same); Collidescape (uses two different isosceles triangle shapes);
kits start at $36. Distributed in the U.S. by Kadon Enterprises (1227 Lorene Dr., Suite
16, Pasadena, MD 21122). Perplexing Poultry (skinny chickens, fat chickens, and romping
dogs, 195 pieces), $99.95 (color), $79.95 (black and white); Game Birds (a smaller version
with 45 pieces), $39.95; circular jigsaw puzzles (Perplexing Poultry, Perplexing Pisces,
Cat Amongst the Pigeons, Pentaplexity, 500 pieces each), $17.95 each. Distributed in the
U.S. by Kadon Enterprises and also by World of Escher (14542 Brook Hollow Blvd #3250,
San Antonio, TX 78232-3810; (800) 237-2232). Detailed review: Schattschneider, Doris,
Penrose puzzles, SIAM News 28 (6) (July 1995) 8, 14.

Despite the appeal and popularity (among mathematicians) of Penrose’s aperiodic tiling of
the plane with two tiles, sets of the pieces have not been widely available. At last, they
are, in several deluxe editions with puzzle frameworks.

Kolata, Gina, A vat of DNA may become the fast computer of the future, New York Times
(11 April 1995) (National Edition) B5, B8. Pearson, Peter, Biochemical techniques take
on combinatorial problems, Dr. Dobb’s Journal (August 1995) 127-131. Linial, Michael, et
al., On the potential of molecular computing, Science 268 (28 April 1995) 481-484. Lipton,
Richard J., DNA solution of hard computational problems, Science 268 (28 April 1995)
542-545. Gonick, Larry, The solution [comic strip explanation of solution of the traveling
sales representative problem via DNA computation], Discover 16 (April 1995) 36-37.

Late in 1994, Leonard Adleman (USC) reported how he found hamiltonian paths in a di-
rected graph by modeling the problem with molecules, allowing the molecules to interact
chemically, and observing the production of a particular molecule (Science 266 (11 Novem-
ber 1994) 1021-1024). His work has excited many computer scientists, who foresee the
ability to use the massive parallelism of molecules to solve problems that cannot be done
efficiently on current digital machines. For example, one researcher has estimated that the
56-bit key to a message encrypted using the Data Encryption Standard could be found in
four months of lab work. Letters to Science suggest that Adleman’s article is overly opti-
mistic and that extending his method from a graph with 7 vertices to one with 70 would
require 10%® kg of molecules. Adleman’s response suggests that “it is too early for either
great optimism or pessimism” and notes that “ Devices become ‘computers’ when we learn
how to interpret their behavior appropriately.”
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Morton, Carol Cruzan, Double bubbles designed by nature are best containers, mathemati-
cians say, UC Davis News Release (3 August 1995). Text available from kholmay@nas.edu
or ccmorton@ucdavis.edu.

Joel Hass (UC-Davis) and Roger Schlafly (Real Software, Davis, CA) report solving a
2,000-year-old problem. They proved that the “double bubble,” formed by forcing together
two bubbles into a compound bubble with a wall separating two spherical pieces, is the
most efficient way (minimizing surface area) to enclose two equal volumes. They presented
their results at the MAA’s 1995 Mathfest in Burlington, VT. There are potential practi-
cal applications, as well as possible applications of the mathematical techniques to other
problems in global optimization theory. The problem had languished until about five years
ago, when Frank Morgan (Williams College) brought it up with a group of undergraduate
researchers. After other investigators narrowed the candidates for most efficient to two
families of bubbles, based on the double bubble and a “torus” bubble, Hass and Schlafly
reduced the problem to a 20-minute computer search among feasible minimizing surfaces.

McBeath, M.K., D.M. Shaffer, and M.K. Kaiser, How baseball outfielders determine where
to run to catch fly balls, Science 268 (28 April 1995) 569ff. Hilts, Philip J., A theory on
how outfielders make catches, New York Times (28 April 1995) (National Edition) B16.
Stewart, Ian, Owzat! ... how outfielders make a perfect catch, New Scientist 146 (6 May
1995) 18.

Experiments show that baseball outfielders catch a fly ball by using a strategy different
from the hitherto prevailing theory. They do not run in a straight line at constant speed to
where they think the ball will be—that would make the path of the ball appear curved to
them—but by taking a slightly curved path and varying speed so that the ball appears to
follow a linear path. This new theory explains why outfielders collide with walls and other
players: They don’t really know where the ball is going to come down, as they are adapting
all through its trajectory. (For baseball aficionados, author McBeath has an earlier article
of interest, “The rising fastball: Baseball’s impossible pitch;” Perception 19 (1990) 545fF.)

Parker, Marla (ed.), She Does Math! Real-Life Problems from Women on the Job, MAA,
1995; xvi + 253 pp, $24 ($18.50 to MAA members) (P).

This is a unique and very welcome collection of autobiographical sketches, real-life problems
from the work world, accompanying exercises (154) with solutions (which occupy 30% of
the book), and photos of 38 women who use mathematics in a great variety of lines of
work. This book belongs in every high-school library, after passing through the hands of
the guidance counselors.

Calinger, Ronald (ed.), Classics of Mathematics, 2u:d ed., Prentice-Hall, 1995; xxi + 793
pp, (P).

This splendid collection brings together short excerpts from more than 130 mathematical
classics by 62 authors, together with biographies of the authors and substantial introduc-
tions to some of the nine historical periods (two of these run to 35 pp each). The fact that
this is a second edition from a different publisher (1st ed: Moore Publ. Co., 1982) is barely
evident from the publication information, and nothing indicates what differences there are
from the first edition. In fact, there are four minor additions: two pages on “Poincaré and
topology,” by P.S. Alexandrov; Euclid’s Elements Book IX, Propositions 25-30 (even plus
even gives even, etc.); from Book X of the Elements, Propositions 1-3 (commensurable
and incommensurable magnitudes); and a short essay on the mathematical notation of the
ancient Maya, by Michael Closs.
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NEWS AND LETTERS

LETTERS TO THE EDITOR

We have had lots of letters in response to
the article "The Product of Chord Lengths
of a Circle," by Mazzoleni and Shen
(February 1995). We've already published
one in June, suggesting other proofs that
the product of the chord lengths from the
point z=1 to the other roots of unity is
equal to n. Here are some other ideas and
comments.

Zalman Usiskin, University of Chicago,
writes that the result is also proved using
trigonometry and properties of roots of
polynomials in his article, "Products of
Sines"” [1].

Kurt Eisemann, San Diego State
University, points out that the result was
published in 1954 [2], and that he had
written an extension of the theorem in
1972 [3].

We conclude with Tom P. Apostol,
California Institute of Technology, who
remarked that the equation

nﬁl (1 _ ez:ik/u)= a,

i
is equivalent to the well-known product

formula (see [4]). -Ed.

REFERENCES

1. Z. Usiskin, Products of sines, Two-Year
College Math. J., November (1979).

2. M. Sichardt, Ein satz vom kries,
ZAMM 34 (1954), 429.

3. K. Eisemann, Extension of a theorem
about the circle, ZAMM 52 (1972), 496-
7.

4. T.M. Apostol, Mathematical Analysis,
2nd edition, Addison-Wesley Publishing
Co., Reading, MA, 1974.

Dear Editor:

"The Box Problem: To Switch or Not To
Switch,” by Brams and Kilgour (February
1995), makes a mountain out of a
molehill, albeit an instructive mountain.
The resolution of the problem, which is
more a joke than a paradox, has nothing to

322

do with conditional probabilities of
peculiar  distributions. In fact, the
weakness of the expected-value argument
is that it is nonsense. Having picked a box
containing $n, calculating that the expected
value of the other box is (5/4)n involves
evaluating an expression in » that
simultaneously assumes that n is equal to
both b and 2b. It is not surprising that this
leads to a peculiar result. Substituting the
correct amounts for the occurrences of n in
the averaging expression gives (3/2)b as
the expected value of the amount in the
other box, exactly equal, of course, to the
expected value of the box you’ve already
picked.

Bill Mixon

14045 North Green Hills Loop

Austin, TX 78737

Bill Mixon incorrectly interprets the box
problem to be one in which the amount in
the box you pick is "equal to both b and
2b," so on average the amount you find is
3b/2, and this is the same for both boxes.
But in fact the problem states that you
begin by choosing one box and find the
amount, x, in it, with x=b and x=2b
equally probable. This equiprobability
assumption is not the same as assuming
that these two events are simultaneously
true (a physical impossibility)-or,
equivalently, that you choose one of the
two boxes, containing either b or 2b at
random, and don’t open it--which would,
indeed, give you no reason to switch to the
second box. Rather, you open the first box
and learn its contents, although, as we
showed, the 5x/4 expected-value
calculation about the contents of the
second box is erroneous. Instead, your
expectation about the second box’s
contents depends on your prior
distribution. For some prior distributions,
you always do better switching--whatever
amount you find in the first box--which, if
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not a paradox, is not a joke either.
--Steven J. Brams and D. Marc Kilgour

Dear Editor:

The "Math Bite: Normality of the
Commutator  Subgroup,” by Myers
(February 1995), can be easily

strengthened--twice.

Since every element x of G defines, via
a -> xax', an automorphism ¢ of G [onto
itself], the argument in [1] also proves that
the commutator subgroup is invariated by
all automorphisms defined in this manner
("interior automorphisms"). Indeed, with
the operator in postfixed position,

(aba'b)p=ap bp-a’p-b'p=
=ap-be-(ap)'-(be)' € C. (¥

It is obvious, in this formulation, that the
result in no way depends on the
"interiorness” of the automorphism (i.e. on
the existence of a group element x such
that for all a, ap=xax"). Therefore, the
commutator subgroup is invariated not
only by interior automorphisms but also by
all other automorphisms of G. In other
words, the commutator of a group G, is
not only a normal subgroup but also a
characteristic subgroup of G.

Furthermore, nothing in (*) depends on
the fact that ¢, viewed as an
endomorphism of G [into itself], is
surjective. Any endomorphism ¢ of G,
acting on the commutator of the elements
a, b, yields a group element that is in the
commutator group (being the commutator
of the elements ap and by). Therefore, the
commutator subgroup is invariated not
only by all the automorphisms of G, but
indeed by all the endomorphisms of G. In
other words, the commutator of a group
G, besides being a characteristic subgroup
of G, is also a fully invariant subgroup of
G. (See [2], Chap. IV, sec. 14.)

Kuro$ also shows that the center of the
group (defined as the subset [subgroup]
consisting of all elements, each of which
invariated by all interior automorphisms) is
an example of a characteristic subgroup
that is not fully invariant.

Robert Mandl
Box 397199 (MIT Br.)
Cambridge, MA 02139-0902

REFERENCES

1. Lawrence Myers, Math Bite: Normality
of the commutator subgroup, this
MAGAZINE, 68(1995), 49.

2. Aleksandr Gennedievi¢ Kuro§, Group
Theory, Moscow, 1944, 1953.

Dear Editor:

Here is an appetizer, a snack, and a
seasoning to supplement "Math Bite: £s.5,<
(ZaDVAELY? " by Peter Sziisz (April 1995).

D). S --z{ L ]’
(Z=)' E) =4 (Z"’)

The appetizer: The following equality is
similar to Sziisz’s

sor g o)
sy ey o

The snack: These equations imply

by
-3 : - 51

) )’

os Z((Z-a) =3 I’s ‘

The seasoning: These equalities are
applied by statisticians in interpreting the
correlation coefficient, in which case
a,=x,-x and b,=y,-y where x and y are the
arithmetic means for bivariate observations
(xw,y,). For example, see Gary G. Koch, A
basic demonstration of the [-1,1] range
for the correlation coefficient, Amer.
Statist. 39 (1985) 201-202, and Joseph Lee
Rogers and W. Alan Nicewander, Thirteen
ways to look at the correlation coefficient,
Amer. Statist. 42 (1988) 59-66.

David L. Farnsworth
Rochester Institute of Technology
Rochester, NY 14623

Dear Editor:

"Oscillating Sawtooth Functions" (June
1995) exhibits some derivatives that are
continuous at 0. The following related
reference might interest some readers: In
the October 1963 Monthly, pp. 867-868,
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there is an example (attributed to William
M. Myers) of a function g and a subset H
of [0,1] such that A has measure ‘4, g is
differentiable on [0,1], and g’ is
discontinuous at all points of H. The
construction of H is somewhat analogous
to that of the Cantor set.

David M. Bloom

Brooklyn College of CUNY

Brooklyn, NY 11210

Yongzhi (Peter) Yang, University of St
Thomas, St. Paul, MN, writes that there
were several errors in "Perturbation of a
Tridiagonal Stability Matrix,” by M.
Elizabeth Mayfield (April 1994). In
particular, the theorem is not stated
correctly at the beginning of the paper,
although the theorem is correctly stated in
the last sentence. In fact, equation (3) on
page 127 should read
w=N+ &P+ a

There is actually a different o; for each
eigenvalue, and the sum of the oy’s equals
zero. Yang supplied a proof of the corrected
theorem, pointing out an error in Mayfield’s
discussion.

In reponse, Mayfield notes that Che-Kao
Fong, Carleton University, Ottawa, Canada,
has also provided a proof. Fong suggests
that we assume Im ¢ > 0. Let u be an
eigenvalue of T and y be a corresponding
eigenvector: T'y = py. Assume Iyl = 1.
Then p = (Ty,y) = (Ty,y) + € (Uyy) =
(Ty,y) + € Uy". Since T is a real,
symmetric matrix, (Ty,y) € N and hence Im
p = (Ime) | Uyl|% Thus, Im p > O unless
Uy = 0. But from Ty + eUy = Ty = py,
we see that Uy = O implies that y is an
eigenvector of T with its last component

y(x) =x*+bx+c=a(x-a-8i)(x-a+8i)=
a((x-ct)*+B%) = ab?,
y has its minimum at x=q« (for a>0). So,
o is the x-coordinate of the minimum point
or vertex.

Other intriguing questions are: Can the
imaginary part be measured? And if it can
be, how can it be measured? One way to
see that the answer to the first question is
"yes" is the following simple construction
displayed in the FIGURE.

y-axis

20 -
*

D 1

€ = — - —

, X-axis

at?— > —(>—

u-ﬂ‘

—p—>

FIGURE 1
The construction for the imaginary part B

From the point («,0), which lies directly
below the minimum, draw a vertical line
to (a,2D) where D is the y-coordinate of
the minimum. Then draw a line parallel to
the x-axis at y=2D to meet the curve, and
drop a perpendicular line from the meeting
point to the x-axis. The x-coordinate there
is a+B. So, B is the distance from x=a to
x=a+8.

David L. Farnsworth
Rochester Institute of Technology
Rochester, NY 14623

equal to zero. This is impossible as is stated REFERENCE

in the article.

Dear Editor:

In "Using Complex Solutions to Aid in
Graphing” (April 1993), C. Bandy used
the complex roots a+Bi to graph the
quadratic y=ax’+bx+c. Assume that
a>0.

Measuring « is not difficult. Since

1. C. Bandy, Using cmplex solutions to
aid in graphing, this MAGAZINE,
66(1993), 125.
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COMPLEX NUMBERS

AND GEOMETRY
Liang-shin Hahn

This book is an excellent source for enrichment topics for advanced students.
— The Mathematics Teacher

I recommend this book for anyone with an interest in solving problems
involving geometric concepts. — AAAS Science Books and Films

The purpose of this book is to demonstrate that complex numbers and geometry can be
blended together beautifully, resulting in easy proofs and natural generalizations of many
theorems in plane geometry—such as the Napoleon theorem, the Ptolemy-Euler theorem,
the Simson theorem, and the Morley theorem.

Beginning with a construction of complex numbers, you are taken on a guided tour that
includes something for everyone, even those with advanced degrees in mathematics. Yet,
the entire book is accessible to a talented high-school student.

The book is self-contained—no backgound in complex numbers is assumed—and can be
covered ata leisurely pace in a one-semester course. Over 100 exercises are included. The
book would be suitable as a text for a geometry course, or for a problem solving seminar,

or as enrichment for the student who wants to know more.
200 pp., Paperbound, 1993

ISBN 0-88385-510-0

Catalog Number: CNGE-JN
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EXCURSIONS IN CALCULUS:
an Interplay of the Continuous

and the Discrete
Robert M. Young

An excellent source of projects for well motivated
students. This list of 463 references is a valuable
aid for those who wish to dig deeper.

9 deePer _cHoice

This excellent book belongs in every school library

and on every mathematics teacher's bookshelf.
—The Mathematics Teacher

Any book published in the Dolciani Mathematical
Expositions series will naturally be measured
against the remarkably high standards already
well established by the previously published titles.
In the present case, however, it is safe to say that
this latest addition (the thirteenth in the series) not
only easily meets the previously set standards but
sets an entirely new standard for future volumes.

—Mathematical Reviews

Printed with eight full-color plates.

The purpose of this book is to explore, within the
context of elementary calculus, the rich and el-
egant interplay that exists between the two main
currents of mathematics, the continuous and the
discrete. Such fundamental notions in discrete
mathematics as induction, recursion, combinato-
rics, number theory, discrete probability, and the
algorithmic point of view as a unifying principle are
continually explored as they interact with tradi-
tional calculus. The interaction enriches both.

The book is addressed primarily to well-trained
calculus students and their teachers, but it can
serve as a supplement in a traditional calculus
course for anyone who wants to see more.
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THE CONTINUOUS AND THE DISCRETE
Robert M. Young

N e Sl il Vingn e

1
I
|
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AN INTERPLAY OF I
i
1
I
I

CONTENTS:

¢ Infinite Ascent, Infinite Descent: The Principle
of Mathematical Induction

¢ Patterns, Polynomials, and Primes: Three
Applications of the Binomial Theorem

¢ Fibonacci Numbers: Function and Form

¢ On the Average

e Approximation: from Pi to the Prime Number
Theorem

¢ Infinite Sums: A Potpourri

The problems, taken for the most part from
probability, analysis and number theory, are an
integral part of the text. Many point the reader
toward further excursions. There are over 400
problems presented in this book.

408 pp., 1992, Paperbound

ISBN 0-88385-317-5

List: $42.00 MAA Member: $34.00
Catalog Number DOL-13

ORDER FROM:

The Mathematical Association of America
1529 Eighteenth Street, NW

Washington, DC 20036

1-800-331-1622 Fax (202) 265-2384

Total $
Payment O Check O VISA 0 MASTERCARD

Credit Card No.

Signature Exp. Date
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A RADICAL APPROACH TO REAL ANALYSIS
SUITABLE AS A TEXTBOOK FOR AN INNOVATIVE COURSE IN REAL ANALYSIS

David Bressoud

This book is an undergraduate introduction to real analysis. Use this book as a textbook
for an innotutive course, or as a resource for a traditional course. If you are a student and
have been through a traditional course, yet still do not understand what real analysis is
about and why it was created, read this book.

This course of analysis is radical; it returns to the roots of the subject, but it is not a history
of analysis. It is an attempt to follow the injunction of Henri Poincaré: let history inform
pedagogy. The author wrote the book as a first encounter with real analysis, laying out its
context and motivation in terms of the transition from power series to those series that are
less predictable, especially Fourier series. He marks some of the traps into which even
great mathematicians have fallen in exploring this area of mathematics.

The book begins with Fourier’s introduction of trigonometric series and the problems they
created for the mathematicians of the early nineteenth century. Cauchy’s attempts to
establish a firm foundation for calculus follow, and the author considers his failures and
his successes. The book culminates with Dirichlet’s proof of the validity of the Fourier
series expansion and explores some of the counterintuitive results Riemann and Weierstrass
were led to as a result of Dirichlet’s proof.

Exploration is an essential component of this course. To facilitate graphical and numerical
investigations, Mathematica commands and programs are included in the exercises.
However, you may use any mathematical tool that has graphing capabilities, including the
graphing calculator. 336 pp., Paperbound, 1994, ISBN 0-88385-701-4
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LisT: $29.00 MEMBER: $22.00
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Knot Theory

Charles Livingston

I learned more about knots after an hour with the book
than I thought I could, and I am glad that it is here on
my desk so that I may spend more time with it and, 1
hope, learn more. —Paul Halmos

Knot Theory, a lively exposition of the math-
ematics of knotting, will appeal to a diverse
audience from the undergraduate seeking ex-
perience outside the traditional range of studies
to mathematicians wanting a leisurely introduc-
tion to the subject. Graduate students begin-
ning a program of advanced study will find a
worthwhile overview, and the reader will need
no training beyond linear algebra to under-
stand the mathematics presented.

Over the last century, knot theory has pro-
gressed from a study based largely on intuition
and conjecture into one of the most active areas
of mathematical investigation. Knot Theory
illustrates the foundations of knotting as well as
the remarkable breadth of techniques it em-
ploys—combinatorial, algebraic, and geomet-
ric.

The interplay between topology and algebra,
known as algebraic topology, arises early in the
book, when tools from linear algebra and from
basic group theory are introduced to study the
properties of knots, including the unknotting
number, the braid index, and the bridge num-
ber. Livingston guides you through a general
survey of the topic showing how to use the
techniques of linear algebra to address some
sophisticated problems, including one of math-
ematics’ most beautiful topics, symmetry. The
book closes with a discussion of high-dimen-
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N

KNOT 135 EORY

4

P

of the recent advances in the subject—the
Conway, Jones and Kauffman polynomials. A
supplementary section presents the fundamen-
tal group, which is a centerpiece of algebraic
topology.

An extensive collection of exercisesisincluded.
Some problems focus on details of the subject
matter; others introduce new examples and
topics illustrating both the wide range of knot
theory and the present borders of our under-
standing of knotting. All are designed to offer
the reader the experience and pleasure of work-
ing in this fascinating area.

264 pp., Hardbound, 1993

ISBN 0-88385-027-3

List: $34.00 MAA Member: $2750
Catalog Number - CAM-24

ORDER FROM:

The Mathematical Association of America
1529 Eighteenth Street, N.W.
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Game Theory and Strategy

Philip D. Straffin, Jr.

This valuable addition to the New Mathematical
Library series pays careful attention to applica-
tions of game theory in a wide variety of disci-
plines. The applications are treated in consider-
able depth. The book assumes only high school
algebra, yet gently builds to mathematical think-
ing of some sophistication. Game Theory and
Strategy might serve as an introduction to both
axiomatic mathematical thinking and the funda-
mental process of mathematical modelling. It
gives insight into both the nature of pure math-
ematics, and the way in which mathematics can be
applied to real problems.

Since its creation by John von Neumann and
Oskar Morgenstern in 1944, game theory has
contributed new insights to business, politics, eco-
nomics, social psychology, philosophy, and evolu-
tionary biology. In this book, the fundamental
ideas of game theory share the stage with applica-
tions of the theory. How might strategic business
decisions depend on information about a rival
company, and how much would such information
be worth? When is it advantageous to vote for a
candidate who is not your favorite? What are the
optimal strategies for teams in the football draft,
and what paradoxes can result from following

Name

Address

City

State Zip Code

GAME THEORY and .
STRATEGY

those strategies? What is a fair way to share the
costs of adevelopment project? What can we learn
about the problem of “free will” by imagining
playing a game with an omnipotent Being? How
might natural selection lead to altruistic behavior
in animal species? Game theory gives insight into
all of these questions.

The book includes many exercises, with answers,
which allow the reader to try out calculations, and
explore alternative formulations of game-theo-
retic ideas.

200 pp., 1993, Paperbound

ISBN 0-88385-637-9

List: $29.50 MAA Member: $24.00
Catalog Number NML-36
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The Mathematical Association of America
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Washington, DC 20036
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